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Spatial Mapping in the Primate Sensory Projection: 
Analytic Structure and Relevance to Perception* 

E. L. Schwartz 

Brain Research Laboratories, New York Medical College, New York, USA 

Abstract. The retinotopic mapping of the visual field 
to the surface of the striate cortex is characterized as 
a logarithmic conformal mapping. This summarizes 
in a concise way the observed curve of cortical magni- 

fication, the linear scaling of receptive field size with 

eccentricity, and the mapping of global visual field 

landmarks. It is shown that if this global structure is 
reiterated at the local level, then the sequence regularity 

of the simple cells of area 17 may be accounted for as 
well. Recently published data on the secondary visual 

area, the medial visual area, and the inferior pulvinar 
of the owl monkey suggests that the same global 

logarithmic structure holds for these areas as well. 

The available data on the structure of the somatotopic 

mapping (area S—1) supports a similar analysis. The 

possible relevance of the analytical form of the cortical 
receptotopic maps to perception is examined and a 

brief discussion of the developmental implications of 

these findings is presented. 

Introduction 

The primary sensory projection of the brain is a 

topographic mapping of the receptor periphery onto 

the central neural processor. Early workers such as 

Talbot and Marshall [29] (retinostriate projection), 

Apter [7] (retinotectal projection), Woolsey [36] 

(somatotopic projection), and Lorenté de No [20] 

(auditory projection) established the basic existence 

and structure of these mappings using relatively crude 

slow-wave recording techniques. Subsequent work, 

making use of more refined and sophisticated single- 

unit mapping methods, has served in recent years to 

greatly increase the detailed knowledge of the structure 

of the various sensory mappings, and has extended 

* This work was supported by Grant No. 1 F32MH05367—01 

from the USPHS, ADAMHA 

their domain of definition to include a variety of 

thalamic and mid-brain structures as well. 

The existence of orderly spatial mapping in diverse 

neural structures would seem to have considerable 
importance to the functional aspects of sensory 

neurophysiology: in each modality, a receptor surface 

(the retina, the cutaneous surface, the basilar mem- 

brane) is mapped, through sub-cortical relay nuclei, 

to an essentially two-dimensional (laminar) representa- 

tion at the cortical surface. This representation of 

the sensorium in terms ofa receptor sheet mapped onto 

a cortical surface has led Arbib [8] to characterize 

the brain as “a layered, somatotopically organized 

computer”. 

The view of the primary sensory projection as a 
planar (although “distorted”) map of the sensorium 

underlies a basic controversy that has existed for the 

past thirty years. Somjen [26] has provided a concise 

statement of this question: 

“The issue of the cortical movie screen, popular at 
first, discredited later... and defended once again, is 

still not resolved. The presence of these topographic- 

ally organized projection areas can hardly be mere 

accident, of course. Besides the retina and the body 

surface, the receptor sheet of the cochlea also finds a 

representation of sorts in several regions of the brain. 

What kind of significance can we attach to them?” 

The present work is a critical examination of this 
question, which begins by analyzing the anatomical 

and physiological data that has accumulated during 

the past twentyfive years on the detailed structure of 

the retinotopic mapping of the striate cortex (area 17). 

It is possible to present a simple analytic description 
of the retinotopic mapping, using complex variables 

to represent points in the visual and cortical planes. 

The retinotopic mapping is thus found to be a 

complex logarithmic (conformal) mapping of the visual 

field onto the cortical surface. Furthermore, the 

available evidence suggests that the receptotopic 
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mappings of the secondary visual cortex, the inferior 

pulvinar, and the somatosensory cortex, may be 

described by the same mathematical formalism. In 

addition, it is pointed out that the local receptive 

field structure of the striate cortex, as represented by 

Hubel and Wiesels [17] model of the hypercolumn, 

may very well be the consequence of a complex 

logarithmic mapping on a local scale. The possible 

relevance to visual perception of the complex lo- 

garithmic mapping will then be investigated by 

studying the mapping of a visual stimulus. This 

demonstration will support, in a graphic way, the 

conclusion that the preprocessing of the two-dimen- 

sional brightness distribution available at the retina, 

by the complex logarithmic retinotopic mapping, 

may possibly play a role in the analysis of form in- 

variant information. Finally, a brief discussion of the 

seemingly ubiquitous presence of complex logarith- 

mic structure in the sensory projection will be pre- 

sented with respect to the developmental mechanisms 

that could lead to this structure in a biological system. 

Global Retinotopy 

The notion of retinotopy may be traced back to the 

pioneering anatomical investigations of Polyak [23], 

who suggested, on the basis of the anatomy of the 

visual cortex, that a mathematical projection of the 

retina on the cortex must exist. Talbot and Marshall 
[29] confirmed this hypothesis with physiological 

methods, and the extensive investigation of Daniel 

and Whitteridge [11] provided a source of precise, 

quantitative data; however, a mathematical analysis 

of the retinotopic mapping has never been presented. 

In subsequent work, making use of single cell 

recording techniques, the locus of accurate topo- 

graphical representation in the striate cortex has been 

limited to layer IVc, where the receptive fields are 

predominantly small and circularly symmetric, and 

the cortical afferents arriving from the lateral genicu- 

late nucleus (LGN) arrive and terminate [17]. In the 

subsequent discussion of global topography, it will be 

understood that it is mainly layer IVc of the striate 

cortex that is accurately retinotopic. Following this 
discussion of global topography, the local remapping 

of cortical afferents to simple cells, which are located 

mainly in the cortical laminae surrounding layer IVc, 
will be separately analyzed. 

Daniel and Whitteridge measured the cortical 

magnification factor by recording slow wave and 

multiple unit responses to spots of light in the visual 

periphery, and then reconstructing the electrode 
tracks from histological sections. They defined the 

cortical magnification factor as the distance moved 

(in millimeters) across the cortical surface correspond- 

ing to one degree of movement of a point stimulus in 

the visual field [11]. 

Daniel and Whitteridge found that the cortical 

magnification factor is the same along all radi, 

regardless of the angular coordinate, and is the same 

whether measured radially or along the circumference; 

thus the magnification factor is radially symmetric. 

The cortical magnification data was used to con- 

struct a three dimensional model, which accounted 

closely for the surface area of the cortex, and could be 

simply folded to duplicate the actual folding pattern 

of the striate cortex. However, their investigation was 

largely phenomenological: “no simple equation was 

found to fit the data”. 
Daniel and Whitteridge presented their cortical 

magnification data graphically. For the present analy- 

sis, data published in their original work were mea- 
sured, and fit by computer to a power law. The fit is 

excellent over the entire range of measured date 

(from 1° to 50°): 

Figure 1A 

Mij=67(r)\e. ee (Cle =o cle (1) 

M(r) is the magnification factor in millimeters/degree, 

and the variable r measures the eccentricity in degrees. 

The choice of r as the variable representing eccentri- 

city is made in order to simplify the geometry by 

approximating the visual sphere by its tangent plane. 

The spherical polar coordinates of eccentricity and 

azimuth may be approximated by the polar co- 

ordinates of the tangent plane (r and ¢). The polar 

coordinate @ is identical to the azimuthal spherical 

coordinate. The polar coordinate r is approximately 
proportional to the eccentricity: 

r=RsnOZRO. (2) 

Where r is the tangent plane radial polar coordinate, 

R is the radial distance of the tangent plane from the 

retina, and @ is the eccentricity. The approximation 

of Equation (2) is accurate to 98% for the central 

20 degrees of visual field. Furthermore, for a tangent 

plane that is placed 57.3cm from the eye, the polar 

coordinate r in the tangent plane is numerically equal 
(in cm) to the eccentricity in degrees. 

The fit of Equation (1) is the best power fit to the 
data of Daniel and Whitteridge. For the central 
foveal representation (less than 1° of eccentricity), no 
magnification data is available; it is assumed that the 
inverse dependence on eccentricity tapers off in a 
gradual way for this central-most part of the visual 
field. For the central 20 degrees of visual field, a simple 
straight line fit to the inverse magnification is in 
excellent agreement with the data. In order to include 
peripheral parts of the visual field (beyond 20°), 
Equation (1) may be used, which is very close to an 



inverse linear dependence on eccentricity for the entire 
visual field. Thus, the exponent of r in Equation (1) is 
sufficiently close to unity to be replaced by it; that is 
supported by the later work of Hubel and Wiesel [18], 
who find that the inverse magnification curve is closely 
approximated by a straight line. In light of the 
previous discussion, it is possible to simplify the 
analysis of Daniel and Whitteridge’s data, expressed 
in Equation (1) by the approximation: 

m=k/r. (3) 

Where k is a constant, r represents eccentricity from 
the fixation point (foveal representation) and m is the 
magnification. Cortical magnification is a differential 
quantity: small changes in cortical position are related 
to small changes in visual field position. Since we are 
interested in the analytic form of the retinotopic 
mapping, and not its derivative, we must find an 

analytic function whose derivative is radially sym- 

metric and is proportional to 1/r. The analytic function 
that has this property is the complex logarithm: 

w=In (z) (4) 

where w represents a point in the cortical plane and 

z represents a point in the visual plane, which may be 

represented as: 

z=rexp(id). (5) 

Equation (4) may be written in real variables as: 

anh 

y= (6) 

with the point (x, y) located in the cortical plane and 

the point (r, ¢) located in the visual plane. 
Magnification is defined for a complex (conformal) 

mapping as the amount by which an infinitesimal 

line segment is “stretched” by the mapping f(z) [1]. 

This is exactly analagous to the physiological definition 

of magnification. In general, the magnification of a 

conformal mapping may be written as: (1) 

f (2)—f (Zo) 

eS 
= |f'(Zo) |- (7) m(Z,.)=lim 

Z~Zo 

Substituting the logarithm function for f(z), we 

have: 

If'(Zo) | = 
er 

k 
a) 

ie 
Zo 

=—, (8) 
ro 

Thus, the magnification of the complex logarithm has 

the required logarithmic dependence on eccentricity, 

and is radially symmetric, satisfying the experimental 

findings of Daniel and Whitteridge. In order to verify 

this analysis, it is possible to examine the mapping of 

global visual field landmarks and compare these to 
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the predicted mappings of the same stimuli under the 
logarithmic mapping. It should be emphasized that 

this is a totally independent verification. The (differen- 
tial) cortical magnification, as a measurement, is 

independent of the (global) measured representations 

of the vertical and horizontal meridians, and other 

visual landmarks. 

The mapping of global visual field landmarks, as 

measured by Talbot and Marshall and Daniel and 

Whitteridge is shown in Figure 1B. 

The vertical meridian is wrapped around the visual 

projection, and forms the border of area 17; circles of 

constant eccentricity are mapped to vertical straight 

lines. Alongside the experimental data is presented 

the predicted mappings of the same visual field land- 

marks. There is excellent agreement between the 

measured and predicted geometries. 

Thus, the phenomenological aspects of the retino- 

topic mapping discussed above, and illustrated in 
Figures 1 A and 1B support the hypothesis summarized 

by Equation (4). 

The characteristic features of planar mapping 
which indicate the underlying presence of logarithmic 

spatial structure are summarized in Table 1, and are 

derived in Appendix 1. 
These features may be thought of as the “signature” 

of the complex logarithmic mapping. Wherever these 

“signatures” are evident in a receptotopic mapping, 

the presence of a logarithmic spatial structure may be 

inferred. This situation is analagous to plotting data 

on semi-logarithmic paper. Exponentually distributed 
data is difficult to characterize by eye; if one takes the 

(exponential) data points representing the growth of a 

bacteria colony and plots them on linear graph paper, 

they may seem to be derived from an exponential 

distribution. However, if the same data is plotted on 

semi-logarithmic paper, the resultant straight line fit 

is satisfying confirmation that the underlying distri- 

bution actually is exponential. In a similar manner, 
once the underlying signatures of the complex loga- 

rithmic mapping are familiar, it becomes very much 

Table 1. Geometry of the logarithmic conformal mapping 

log Z = Ww 

Vertical lines 

(equally spaced) 

Horizontal lines 

(equally spaced) 

Inclined straight lines 

slope =//k; intercept = —(log A)/k 

1. Concentric circles 

(exponentially spaced) 

2. Radial lines 

(equal angular spacing) 

3. Logarithmic spirals 

(9 = Ae") 

The three geometric patterns on the left are the level lines (1), or 

streamlines, of the logarithmic conformal mapping. Numbers | and 2 

may be thought of as limiting cases of the logarithmic spiral; No. 1 

for k=0 and No. 2 for k=oo 
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Fig. 1. A The cortical magnification data of Daniel and Whitteridge. 

Through the points is drawn the best fit to the data for a power law, 

as described in the text. B The measured and predicted mapping of 

visual landmarks in striate cortex. The upper (90°) and the lower 

(270°) vertical meridians, the horizontal half meridian (180°), the 

octants (135° and 225°) and the circles of constant eccentricity are 

drawn as measured by Talbot and Marshall, and Daniel and 

Whitteridge. The data of Talbot and Marshall, on the left, does 

not show the correct (logarithmic) spacing between the lines of 

constant eccentricity; their experiment is the pioneering measure- 

ment of this data. The data of Daniel and Whitteridge is much more 

accurate, and is shown in the center. This is a projection, onto a 

horizontal plane, of a three dimensional model; the meridians and 

octants are equally spaced, as they are in the theoretical prediction 

of these mappings under the logarithmic conformal mapping. The 

theoretical prediction, on the right, actually represents a vertical 

meridian that is infinitesimally displaced from the origin; otherwise 

the curved part of the contour would actually be a right angle. The 

horizontal meridian is an average of a line infinitesimally above and 

below the precise horizontal meridian. With these qualitative 

reservations, there is great similarity between the data and the 

theoretical prediction of the data under the logarithmic mapping. 

C The global retinotopic mapping under the logarithm function. 

Concentric circles (exponentially spaced) and radial straight lines 

are mapped onto the equidistant cartesian grid on the cortex. Note 

the density (derivative) of the exponentially spaced lines gives a 

linear dependence on the eccentricity; this is observed as a linear 

scaling of the receptive field size in the visual plane, with a constant 
(hypercolumn) size in the cortex 

easier to identify the presence of complex logarithmic 

structure. This analogy is particularly applicable to 
neuroanatomical data because of the complex folding 
and bending characteristic of neural structures. Virtu- 

ally all the “surfaces” alluded to in this paper are 

actually highly complex, convoluted, doubly curved 

surfaces, for which the “planar” structure must be 

inferred by histological reconstruction, and then by 

projection onto a planar map. Naturally, the maps that 

result from this procedure are often difficult to 

interpret merely by their visual appearance. However, 

the signature of spatial logarithmic structure, as out- 

lined above, is easy to see and provides satusfying 

confirmation of the underlying mathematical structure 

of the neural maps. 

The previous analysis has demonstrated that the 

retinotopic mapping of the striate cortex may be 

mathematically described as a complex logarithmic 

mapping. The characteristics of logarithmic spatial 

structure that support this statement are summarized 

in Table 1. In the case of the striate cortex, excellent 

measurements are available, and these satisfy all the 

requirements specified in Table 1 for the existence of 
logarithmic spatial structure. For other cortical and 

sub-cortical areas and modalities, the experimental 

data is much less comprehensive. Nevertheless, the 

signature of the complex logarithm is so characteristic 

that it is possible to identify a receptotopic mapping 

as a logarithmic mapping, even in the absence of the 

detailed data available for the striate cortex. 

In the following discussion, the lateral geniculate 

nucleus, the secondary visual cortex, the inferior 

pulvinar, and the somatosensory cortex, will be 

discussed with respect to specifying the analytic 

structure of their receptotopic maps. 

The Optic Tract and the Lateral Geniculate 

The magnification factor for the lateral-geniculate 

nucleus (LGN) is the same from as that for the striate 

cortex, up to a scale factor [9] and therefore is of the 

same form as Equation (3) above. Since cell density 

in both the LGN and the striate cortex is roughly 

constant with respect to eccentricity [18] most workers 

in the physiology of the geniculo-striate system have 

assumed that the origin of the magnification curve lies 

in the form of the density of the retinal ganglion cells 

themselves [9] which follow a distribution of the form 
of Equation (3). As in the previous discussion, it is 

evident that a (differential) magnification curve of the 
form of Equation (3) implies a logarithmic radial 
structure for the LGN retinotopic mapping, and thus 
raises the possibility that the source of the complex 
logarithmic structure of the striate cortex may lie in 
the LGN (and possibly the retinal ganglion cells). 
However, the available maps of the LGN show that 
this is not the case. Lines of equal azimuth and eleva- 
tion from a grid which is approximately cartesian in 
the visual plane. They also form an approximately 
cartesian grid in the LGN [9]. The form of the 



magnification curve is clearly in evidence in these 
plots, causing the central representation of the visual 
field to occupy a disproportionately large area. 
Nevertheless, the angular part of the complex log- 
arithmic mapping is not present at the level of the 
LGN, and must occur in the projection of the LGN 
onto layer IVc of the striate cortex. Thus, the complex 
logarithmic structure of the striate cortex seems to be 
effected in two separate steps: 1) the form of the den- 
sity of retinal ganglion cells, leading to a logarithmic 
radial structure in the optic tract, and LGN, 2) the 
projection of the LGN onto the cortex, where the 
angular reorganization of optic tract fibers is effected 
that leads to the final form of the striate cortex 
retinotopic map, as in Equation (4) above. 

Secondary Visual Cortex 

The quantitative data available on the secondary 

visual cortex is much less documented that that for 

the striate cortex. However, in recent years, the 

secondary visual cortex of the primate and the lower 

mammals has begun to be extensively studied. In a 

recent investigation of the organization of the second 

visual area (area 18) of the owl monkey, Allmann and 

Kaas [5] have published receptive field plots corre- 

sponding to straight line trajectories across the surface 

of visual area V—II. Their data is reproduced in 

Figure 2. It is evident from this figure that the image, 

under a straight line across the surface of V—II, is a 

spiral pattern of receptive fields in the tangent plane. 

Referring to Table 1, it can be seen that the mapping 

which images a spiral onto a straight line is the 

logarithmic conformal mapping. 
In order to emphasize this point, Allman and Kaas’ 

figure is reproduced in Figure 2. Also shown in this 

figure is a logarithmic spiral, for reference, and a 

semi-logarithmic polar plot of the receptive field 
centers corresponding to straight line trajectories in 

the periphery. Recalling that the equation of the 

logarithmic spiral is r= Ae“, it can be seen that the 

log of the radius should be linear with respect to the 

polar angle. The straight line plots (and the coefficients 

of linear regression) presented in Figure 2 support this 

statement. This procedure is not intended to be quanti- 

tative, but merely to support the observation that the 

spiral receptive field structure reported by Allman and 

Kaas does in fact represent a logarithmic structure. 

Allman and Kaas emphasize in their paper that 

area V—I (area 17) is a “simple topological transforma- 

tion of the visual hemifield” and call this a “first order 

transformation”. They refer to V—II as a “second order 

transformation” because they feel that the simple 

retinotopy of the striate cortex is not maintained 

there. This is because area V—II forms a belt around 
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the striate cortex (V—I) such that points above and 
below the horizontal meridian are mapped to points 
quite far apart in the cortical representation. However, 
aside from this peculiarity of the representation of the 

horizontal meridian, it would seem that the global 

structure of secondary visual cortex is described by 

a logarithmic spatial conformal mapping, as is the 
primary visual area. 

In subsequent work, Allman and Kaas [6] have 

mapped the global receptive field structure of the 
medial visual area of the owl monkey. This data is 

shown in Figure 3. 

Again each trajectory across the surface of the 
cortex corresponds to a logarithmic spiral trajectory 

in visual space. Also shown in Figure 3 is a plot on 
semilogarithmic paper of the radial versus the angular 

coordinates of the receptive field centers. These plots 

support the characterization of the receptive field 

trajectories as logarithmic spirals, analogous to those 

presented above for the secondary visual cortex 
(V—II). This characterization of the secondary visual 

cortex (area 18) and the medial visual area of the 

primate cortex as logarithmic conformal mapping is 

expected. Clasically, area 18 is described as a “mirror 

image” of area 17 [5], and the medial visual cortex is 

explicitly an image of the striate cortex [6]. The 

“mirror image” description of area 18 is called into 

question by the analysis of Allman and Kaas, cited 

above. Nevertheless, logarithmic spatial structure 1s 

clearly evident in these areas. 

Somatosensory Cortex 

The primate dorsal column-medial lemniscal compo- 
nent of the somatosensory projection subserves the 

modalities of touch and kinesthesis. One more synapse 
(at the level of the gracial or cuneate nuclei) than the 

visual system separates the cutaneous periphery from 

the primary cortical processor. The cutaneous peri- 

phery is represented by a map-like representation of 

the body, located in the post-central gyrus of the 

cerebral cortex (area S—1). This is termed the somato- 

topic map. The elegant experimental observations of 

Werner and Whitsel are of particular interest to the 

present discussion. Instead of determining the project- 

ion of the body to the cortex, Werner and Whitsel [34] 

measured the projection of straight lines of cells in 

the cortex (S—1) to the surface of the limbs. They 

found that “the receptive fields of the neurons progress, 

essentially, in bands around the limb, much as did the 

laces of a Roman soldier’s footwear ...the sum total 

of all RF’s represented in any mediolateral traverse 

of the cortical map describes a continuous spiral path 

around the limb”. Coupling this observation with that 

of Mountcastle [21], that the size of the cutaneous 
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Fig. 2. On the left is reprinted the data of Allman and Kaas showing their results for the measurement of receptive field size and position, 

corresponding to straight lines across the secondary visual area of the monkey. The perimeter charts labeled 1, 2, 3, and 4 correspond to the 

anatomical locations indicated in the lower part of the figure. On the right is an example of a logarithmic spiral. Below the spiral is a semi- 

logarithmic plot of the radial position of the receptive field centers with respect to the corresponding angular positions. The hypothesis that 

these receptive field trajectories lie along logarithmic spirals is equivalent to the hypothesis that this semi-logarithmic plot should be linear. 

The coefficients of linear correlation to the best (least-squares) fit to a straight line are shown in the figure. The measurements were made 

directly from the figure of Allman and Kaas, starting from the first RF in V—II 

receptive fields linearly increases with distance from 
the distal point of the limb, it is clear that the 

somatotopic mapping takes straight lines (in the 

cortex) to logarithmic spirals in the cutaneous peri- 
phery. This conclusion is supported by the further 

observations of Werner and Whitsel [35] that for 

rostro-caudal trajectories across the surface of S—t, 

“the sequence of receptive fields describe circular 

paths around the limb”. With reference to Table | and 

Appendix 1, the mathematical structure that this 

implies for the somatotopic mapping is the logarithmic 

conformal mapping, centered about the distal point 

of the limb. To summarize the parallels between the 

visual and (somatic) maps: receptive field size for the 
visual (somatic) map scales linearly with distance 

from the foveal (distal) point of the receptor surface. 

Straight lines in the cortical representation correspond 

to receptive fields trajectories that are concentric 
circles, logarithmic spirals, or radial straight lines, 

depending on the orientation of the cortical 
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Fig. 3. Above is reprinted the figure of Allman and Kaas showing their measurements of receptive field size and position, corresponding to 

straight lines across the medial visual area of the monkey. On the right, sections of logarithmic spirals have been drawn through the receptive 

field trajectories (dashed lines), corresponding to the contiguous straight line tracks across the cortex shown on the right. Below is shown a 

semi-logarithmic plot of the radial position of the receptive field centers with respect to the corresponding angular positions. The hypothesis 

that these receptive field trajectories lie along logarithmic spirals is equivalent to the hypothesis that this semi-logarithmic plot should be linear. 

The coefficients of linear correlation to the best (least-squares) fit to a straight line are shown in the figure. The measurements were made 
directly from the figure of Allman and Kaas, starting from the first RF in the medial visual area 

trajectories. Again, as in these case of the secondary 

visual areas, this discussion of the somatotopic map- 
ping is qualitative; nevertheless, the observations of 

Werner and Whitsel, and Mountcastle imply that the 

analytic structure of the somatotopic mapping is the 
same as that found previously to account so pari- 

someously for the structure of visuotopic mappings. 

The importance that this analysis has with regard 

to visual-haptic coordination of eye-limb activity is 

obvious, and will be discussed in more detail later in 
this paper. Additionally, the motor representation of 

the cortex is itself a mirror-image of the somatotopic 

representation. Thus, the visual, somatotopic, and 

motor maps of the primary cortical representation 

may be described, at least approximately, by the same 
mathematical function: the complex logarithm. A 

similar situation is known to exist in the superior 

colliculus, where superimposed visual, motor, somatic, 



188 

ROSTRAL ——> 

PARASAGITTAL 
SECTION 

270° 

Fig. 4. A recent map of the retinotopic structure of the primate inferior pulvinar has been provided by Allman and Kaas. The visual field 

trajectories and the corresponding thalamic trajectories are shown in the figure. Clearly, parallel straight line trajectories in the inferior pulvinar 

correspond to radial straight line trajectories in the visual field. With reference to Table 1, this observation gives tentative support to the 

classification of the retinotopic structure of the pulvinar as a complex logarithmic map, like that of the primary and secondary visual cortex. 

It can be predicted from this data that, had the thalamic trajectories been rotated by 90 degrees, circular visual field trajectories would have been 

obtained; an intermediate angle of rotation would yield logarithmic spiral trajectories, as shown in Figures 2 and 3, for the secondary visual 

cortex 

and auditory maps exist. These (linear) collicular 

maps are in registration with one another, both 

anatomically and functionally [13] and are thought 

to subserve the functional capabilities of the superior 
colliculis that have to do with visual orientation. The 
results of the present paper are very intriguing in this 

light, because they suggest the existence of a basic 

principle of sensory-motor function. A primary algo- 

rithm of the sensory system of the brain seems to be 

the creation of maps of the relevant sensory-motor 
spaces, in registration with one another. This is appa- 

rently the plan utilized by the (linear) tectal system 

and the (logarithmic) cortical system, as a general 

principle of sensory information processing. 

Inferior Pulvinar 

The inferior pulvinar is a large thalamic nucleus 

located in close proximity to both lateral geniculate 

and the superior colliculus. The pulvinar is a some- 

what mysterious structure, both anatomically and 

functionally, and has been described as “terra in- 

cognita of the thalamus” [33]. Recently, it has been 

established that the inferior pulvinar receives a retino- 

topic projection of the visual field, in the primate [4]. 

A parasagital section of the brain, showing a number 

of straight line electrode trajectories, along with the 

corresponding receptive field plots, is shown in 
Figure 4. 

It is clear from this figure that straight line trajec- 

tories in the brain correspond to radial straight 

line receptive field plots. Consequently, (with reference 

to Table | and Appendix 1), the retinotopic mapping 

of the pulvinar may be described, insofar as available 

data allows, by the complex logarithm function. This 

figure represents the only available data to date on 

the mapping of the inferior pulvinar, no magnification 

data is available. Consequently, the assignment of a 

complex logarithmic structure to the retinotopic map 
of the pulvinar is only tentative. 

Allman and Kaas speculate that the source of 
the retinotopy of the pulvinar may lie either in the 
LGN, the superior colliculus, or the cortex. The puta- 



tive logarithmic structure suggested in this paper 
would tend to group the pulvinar with the geniculo- 
striate system, (which is generally logarithmic in struc- 
ture) rather than with the tecto-fugal system (superior 
colliculus) which is generally linear in the structure 
of its retinotopy. Consequently the above analysis 
may provide some hints as to the function and anato- 
mical relationship of this poorly understood thalamic 
visual area. 

Sequence Regularity in the Striate Cortex 

The previous analysis of the various receptotopic 

mappings of the sensory projection was concerned 

with the global nature of these mappings, with the 

mapping of entire receptor surfaces (the retina, the 

cutaneous surface) onto the corresponding central 
receiving areas. In the case of the striate cortex, the 

global logarithmic spatial structure holds at the 

level of layer [Vc where the afferent input to the 

cortex arrives from the LGN [17]. In the surrounding 

laminae of the cortex, this precise topographic map- 

ping is no longer valid; as is well known, the simple 

and complex cells in these laminae are responsive 

to straight line stimuli tuned about a range of angular 

orientation, and with definite stimulus velocity cha- 

racteristics [16]. The local structure of the striate 

cortex has recently been examined in exquisite detail 

by Hubel and Wiesel in a series of paper culminating 

in their recent elegant demonstration of sequence 

regularity and the “hypercolumn” model [17]. A 

brief summary of this model, and the demonstration 

of sequence regularity among the simple cells of the 

striate cortex, will be presented, in order to demon- 

strate that the local mapping of cortical (LGN) 

afferents to the simple cells may be characterized as a 

logarithmic mapping, on the scale of a single hyper- 

column. 
In the original paper of Hubel and Wiesel [16] 

reporting the existence of simple cells, they speculated 

that the orientation tuning property of these simple 

cells arises from the convergence of a row of geniculate 

cells onto a single simple cell, as shown in Figure 5. 

Although the question of modeling the origin of simple 

cell orientation tuning is an active field of research in 

itself, the original model of Hubel and Wiesel is 

correct in its substantial details. 

Recently, Hubel and Wiesel [17] have specified 

in detail the spatial arrangement of these columns, 

or slabs, of simple cells. The striate cortex of the 

macaque (and likely of the cat) is subdivided into 

two independent and overlapping series of columns 

termed “orientation slabs” and “ocular dominance 

columns”. Each orientation slab represents tuning of 
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simple cells over an angular range of 10-15 degrees. 
The width of these slabs is 25-50. Thus, over a 

cortical traverse of from 0.5—1 mm, a complete traverse 
of the angular tuning variable (180°) is accomplished. 
This is the same distance which two ocular dominance 
columns span; the complete angular set of orientation 
tuning slabs, coupled with the binocular representa- 
tion of two ocular dominance columns, is a functional 
unit of the striate cortex, called a hypercolumn. 

This demonstration of “sequence regularity” shows, 

in the words of Hubel and Wiesel, that the striate 

cortex “after all is a remarkably uniform and homo- 

geneous structure”. In order to account for this regu- 

larity of orientation tuning, we have to deal with a 

situation as depicted in Figure 5. Each row of geni- 
culate cells converges onto a slab of cortical cells, and 

the rows of geniculate cells rotate through regular angu- 

lar increments, as the cortical representation moves 

through parallel slabs. It is obvious that in order to si- 

multaneously satisfy the requirement of sequence reg- 

ularity, as well as orientation tuning, the mapping that 

describes the wiring of LGN afferents to cortical simple 

cells must be very precisely constrained. In fact, with ref- 

erence to Table 1, it is evident that the formal mapping 

which takes equal angular strips to parallel strips is the 
complex logarithm. If one describes the local mapping 

of LGN afferents (located in layer [Vc) to simple cells 

(located in the surrounding laminae) by a local 

complex logarithmic mapping, about the hypercolumn 

center, then it is possible to satisfy the requirement 

that rows of LGN cells converge onto simple cells in a 

spatially regular way such that equal angular increments 

in visual space correspond to equal linear steps in 

cortical space. The analysis would seem to be parti- 
cularly harmonious with the thinking of Hubel and 
Wiesel on this subject. They view each hypercolumn 

as a quasi-independent unit of the cortex... “capable 

of analyzing a region of visual field equal to the local 

field size” [17]. The image evoked by their model is 

of a cortex that is spanned by a mosaic of quasi- 

independent patches, each of which is responsible 

for the analysis of a small area of the visual field. 

The receptive fields are globally located across the 

surface of the cortex by a similar complex logarithmic 

mapping that describes the global relationship of 

the entire retinal surface to the cortical surface. The 

cortex is thus a concatenated logarithmic structure, 

whose structure in the large mirrors that of its local 

elements. This structure has a simple developmental 

rational, which will be discussed later in this paper. 

Furthermore, this concatenated logarithmic structure 

has some very potent information processing charac- 

teristics which may be of direct relevance to visual 

perception. These will now be illustrated. 
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Fig. 5. Figure 5 shows a schematic representation of Hubel and Wiesel’s suggestion for the origin of the orientation tuning of the simple cells 

of the striate cortex. A row of LGN cells (corresponding to a row of excitation at the retinal surface) converges onto a simple cell, whose response 

properties will then show orientation tuning. The recent demonstration of sequence regularity by Hubel and Wiesel is schematically 

represented in the bottom part of the figure. Here, a number of rows of LGN cells, arranged in equi-angular steps, are shown as they must 

project to the simple cells in order to maintain both orientation tuning and sequence regularity. The geometric statement of the sequence regu- 

larity property is that equi-angular steps in the visual (LGN) plane correspond to equal linear steps in the cortical plane. With reference to 

Table 1, it can be seen that the complex logarithm function provides this property. Consequently, it may be hypothesized that the projection, 

within the approximate area of representation of a receptive field at the cortex, of cortical afferents to simple cells, may be formally described 

as a local complex logarithmic mapping 

Perceptual Consequences of Logarithmic Structure 

Many years ago, Polyak [23] advanced the suggestion 

that there may exist a mathematical representation 

of the retina in the cortex. The present work supplies 

the mathematical form for this mapping: the complex 

logarithm of Equation (4). The anatomical and physio- 

logical thrust of this paper ends here. However, the 

fundamental reason for studying the anatomy and 

physiology of the visual system is to gain insight into 

its functional aspects. At present, our fundamental 

knowledge of perception is slight. Julesz [19] has 

said: “We still lack a physiological psychology of... 

visual perception. One of the greatest obstacles to 

its attainment is our inability even to guess the 

neural levels where certain perceptual phenomena 

might occur”. One of these illusive perceptual pheno- 
mena is size invariance. We have no problem re- 

cognizing a familiar stimulus, whether it is near or 

far from us in space. The locus of retinal excitation 

due to the face of a friend is very different if that friend 

is sitting next to us, or is across the room. According 

to Sutherland [28], this size invariance property is 

one of the fundamental aspects of the visual system 

that any neural theory of perception must explain. 

The following discussion will demonstrate that the 

complex logarithm has a natural size invariance 

property. This mathematical fact, coupled with the 
previous anatomical and physiological analysis, sug- 

gests that the psychological property of size invariance 

may be subserved by the anatomical structure of the 

striate cortex. This is a hypothesis at present; it may 

be merely accidental that the mathematical properties 

of the retinotopic map automatically provides a size 

scaling effect. However, the lack of any viable neural 

theory for the existence of size invariance in visual 

perception makes this suggestion an attractive working 
hypothesis. 
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Fig.6. The size-scaling property of the complex logarithm is 

graphically illustrated. The top of the figure shows the mappings 

of a large and small square, as they would appear across the surface 

of the unfolded and flattened cortex. The image of the square is an 

invariant; size dilitation merely causes this invariant image to shift 

across the cortical surface. The bottom of the figure shows the 

analagous mapping, under the local (hypercolumn) logarithmic 

mapping. In this figure, a small square element of the image space 

corresponding to a visual receptive field is depicted; the slightly 

different size of the retinal images are normalized by the complex 

logarithmic mapping. The relative shift, on the scale of a hyper- 

column, is a possible cue for the disparity of the stimulus, since this 

relative shift is proportional to the relative difference in size of the 

left and nght eye projections 

A two dimensional contrast distribution (for ex- 

ample the grain of a photographic emulsion) may be 

represented as the locus of points (complex variable z,)) 

of each independent element of the pattern. The opera- 

tor for size dilitation in complex variables is simple 

multiplication by a real constant k. The point z, 

(rje‘*j) is then taken to the point z, (kr;e'®). The locus 
of points log (z;) is mapped to the locus log (kz;)=log 
(z;)+log(k). Thus, in the logarithmic (cortical) plane, 

size changes in the image plane reduce to a simple 

translation. The size of the image is thus invariant. 

This mathematical property of the complex logarithm 

is illustrated in Figure 6. 
Chaikin and Wieman [10] have exploited this 

property of the complex logarithm, in a computer 

oriented pattern recognition approach. An earlier 

work in computer oriented pattern recognition [22] 

pointed out an additional useful property of processing 

pictorial information via the complex logarithm: 

multiplicative effects in the picture plane become 

additive effects in the logarithmic plane. Thus, the 
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intensity distribution of a scene may be written as: 

I(x, y)= R(x, y) U(x, y) (9) 

where R is the reflectance distribution of the stimulus 

and U is the illumination distribution of the ambient 

lighting. In the complex logarithmic plane the above 
relation becomes: 

log I(x, y)=log R(x, y)+log U(x, y). (10) 

Thus, the reflectance and illumination may be treated 

separately and then additively combined. This simpli- 

fication is not possible in the linear image plane. 

These potent information processing capabilities of 

the complex logarithm have been exploited by workers 

in articial pattern recognition. As regards the problem 

of neural pattern recognition, it is not possible to 
state unequivocally whether or not the brain helps 

itself to the advantages of image processing outlined 

above. Nevertheless, it is a striking fact that both the 

primary and secondary visual cortex, the inferior 
pulvinar, and the somatotopic cortex as well, represent 

a complex logarithmic mapping of the sensory receptor 

surface onto a central neural surface. The prepro- 

cessing of spatial information by the complex loga- 

rithm may well be a crucial step in the functioning of 

the sensory system. 

The size scaling property of the complex logarithm 

may have relevance to stereopsis. When the eyes 

fixate a stimulus, the two corresponding retinal 

projections will be, in general, of slightly different size. 

This size difference will be normalized by the complex 

logarithmic structure of the retinotopic map (both 

for the cortical projection as a whole, and for the local, 

hypercolumnar logarithmic structure described ear- 

lier). Psychological studies of steropsis have demon- 

strated the existence of this binocular “perceptual 

zooming” effect. Random dot stereograms may still 

be fused, even though the size scaling .of the left and 
right images differs by up to 15% [19]. 

The need for a size-scaling mechanism in the visual 

system has been emphasized by a number of authors 

[ 19, 24, 25, 28]. Richards has pointed out that there is 

a correlation between size-scaling under changes in 

the vergence angles of the eyes (Emmerts Law) and 

binocular rivalry. He concludes that the neural site 

of size scaling precedes the site of binocular combi- 

nation; it is after the chiasm, but before the cortex [24]. 

This is supported by the analysis of this paper, which 

locates the site of size-scaling to the projection of the 

LGN onto the striate cortex. It must be emphasized 

that the various psychological phenomena grouped 

under the general label of “size invariance” (Emmerts 

law, perceptual zooming; Sutherlands conception of 
size invariance) are diverse; no attempt is made to 

present a specific model. Rather, it is merely to be 
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pointed out that the cortical visuotopic mappings, 

which may be mathematically represented by the 

complex logarithm, operate on visual data that is 

automatically scaled for size, by the anatomical 

structure of the cortex. Whether this is an accident of 

anatomy, or has direct functional significance, is of 

course, a matter for further experimental study. 

One of the principal cues for steropsis is binocular 

disparity; random dot stereograms which present a 

correlated (shifted) image to the left and right eyes 

create a very potent illusion of depth, as discovered by 

Wheatstone in the last century, and recently exploited 

by Julesz’s [19] elegant investigations. Perhaps the 

neural basis of disparity as a cue for depth perception 

lies in the fact that the complex logarithm links a 

(cortical) shift to a (visual plane) size change, as 

derived above. Thus, the slightly different projections 

of the two eyes are normalized by the complex 

logarithm to the identical cortical pattern, with the 

shift proportional to the size difference, and ultimately, 

the disparity of the stimulus. 
The fact that both the somatosensory and visual 

maps have the same logarithmic spatial structure 

has obvious relevance to the problem of cross-modal 

intergration of sensory information. Consider the 

following remark of Somjen [26]: “...What boggles 

the imagination is how the non-linearity of the 

somatic projection be matched with the different 

structure of the non-linearity of the visual projection. 

For while it is true that the somatic sensory figurines 

are more or less mirror images of the motor figurines, 

there is no correspondence whatsoever between the 

somatic projection and the visual projection. If eye- 

hand coordination is to be guided by the brain charts 

of visual space and of body-image, the two cannot be 

scaled by discordant nonlinear transformations.” 

Since a result of the present work is that both the 

primary sensory projection of each limb and the 

visuotopic projection of the retina, are both described 

by the complex logarithm, Somjens’ particular ob- 
jection to the perceptual relevance of the receptopic 
mappings is eliminated. As Gibson has emphasized 

from the psychological point of view the visual and 

haptic worlds are of “one piece” [14]. The fact that 
the visual and haptic maps available at the cortical 

level are of the same analytic structure provides a 
link between the psychology and the neurophysiology 
of the spatial senses. 

The previous discussion of the complex logarithmic 

mapping and perception is speculative. Nevertheless, 

potentially rich insight into perceptual processes is 

apparent once the mathematical form of the retinotopic 

mapping is understood. This is particularly true since 

the topographical structure of the sensory system is 

at the present time felt to be of minor importance to 

sensory perception. This attitude is typified by the 

widely quoted study of Doty [12] (performed in 1958, 

before any of the “modern” results of cortical physio- 

logy had been accumulated), which concluded: “The 

topographical arrangement of the retino-cortical pro- 

jection is in itself of minor importance or no im- 

portance in the visual analysis of geometrical patterns.” 

Recently, Towe has analyzed this question with regard 

to columnar structure of visual and sensory-motor 

cortex. The crucial question concerns the fine-grain 

nature of the sensory mappings: are they continuous? 

Towe [30] remarks: “whether such (continuous) 

shifts, if reduced to the limits of experimental reso- 

lution, would continue to exhibit this (topographic) 

property has never been formally determined”. This 

question, like many others in sensory neurophysiology, 

is still an open one. In the light of the results of the 

present work, it is timely to reopen, both experi- 

mentally, and theoretically, the issue of the relevance 

of the receptotopic mapping properties of the sensory 

system to the functional aspects of perception. 

Morphology, Development and Logarithmic Spatial 

Structure 

The assertion that something as forbidingly mathe- 

matical sounding as a logarithmic conformal mapping 
is a ubiquitous structural principle in the brain has a 

firm foundation in morphological biology. In the 

seminal work of D’Arcy Thompson [32], “On Growth 

and Form”, first published over fifty years ago, the 
many common examples in biology ‘of logarithmic 

spatial structure are discussed. They range from the 

beautiful shell of the Nautilus (and many other 

molluscans) to the horns of the ram, and the florets of 

the sunflower. Thompson suggests that there is a 

mathematical law of growth which is common to 

these diverse species. The characteristic shared is the 

property that a structure “shall widen and lengthen 

in the same unvarying proportions: and this simplest 

of laws is that which nature tends to follow. The shell, 
like the creature within it, grows in size but does not 
change its shape; and the existence of this constant 
...Similarity of form...may be made the basis of a 
definition of the equiangular (logarithmic) spiral”. 

Another important fact concerning logarithmic 
structure is that the real and imaginary parts of the 
complex logarithm are harmonic functions that are 
solutions to the diffusion equation (the laplacian) in 
polar coordinates [1]. Thus, a diffusion related 
growth process, in which a central active site releases 
a diffusing morphogenic substance would have its 
dynamics described by the complex logarithm. The 
lines of equal concentration would be given by 



the real part of the complex logarithm and the lines 
of flow, or streamlines, by the imaginary part. 

The suggestion that the striate cortex is a con- 
catenated logarithmic structure (both locally and 
globally logarithmic) also has a simple interpretation 
in terms of developmental systems. Compound struc- 
ture is frequently seen in biology, wherever an organism 
consists of a number of similar parts, and in which the 
development of the parts repeats more or less exactly 
the development of the whole organism. Examples 
are branching systems such as compound leaves, 
inflorescences, the lung trachae, blood vessels and so 
forth. Recently, the powerful mathematical apparatus 
of formal automation theory, or developmental lan- 
guages, has begun to be applied to the growth and 
structure of biological organisms. Compound struc- 

ture is particularly simple to model in this framework, 
and Lindenmeyer languages with a single recurrence 
formula have been found to be well suited to model 
compound developmental systems [15]. In any case, 
the compound logarithmic spatial structure suggested 
for the striate cortex in this work might be the simple 

expression of a common biological growth law. 
The formal language theory approach to growth 

and development is essentially a combinatorial, finite 

mathematical method. Contrasting to this is the work 

of René Thom [31], who has tried to apply the differen- 

tial topology of many dimensional spaces to the same 

general problem. In addition to these two lines of 
research, the present work suggests that the properties 

ofa simple and familiar concept such as conformal map- 
ping may in fact be useful in describing as complicated 

a morphological structure as the mammalian nervous 
system. These three lines of thought represent an 

initial assault on the formidable mathematical problem 

of describing form and structure in biology. It is 

fitting to close this work with a statement of D’Arcy 

Thompson, who wrote, over fifty years ago: 

“How far even mathematics will suffice to describe, 

and physics to explain, the fabric of the body, no man 

can foresee. It may be that all the laws of energy, and 

all the properties of matter... are as powerless to 

explain the body as they are impotent to comprehend 

the soul. For my part, I think it is not so...” 

Appendix 1 

Associated with each analytic function f(z), is a conformal mapping 

which affords an excellent visualization of the properties of the 

function f(z). Conformal mapping enters naturally into many 

branches of mathematical physics, and in this way accounts for the 

immediate usefulness of complex function theory. When a conformal 

mapping is defined by an explicit analytic function w=f(z), we 

naturally wish to gain information about the specific geometric 

properties of the mapping. One of the most fruitful ways is to 

study the correspondence of curves induced by the point trans- 
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formation. The special properties of the function f(z) may express 

themselves in the fact that certain simple curves are transformed 

into curves of a well known character. This information strengthens 

our visual conception of the mapping. 

The complex logarithm may be written as: 

f(=Inz=o+ig (1) 

using the polar form for the complex variable z. Thus, circles in the 

z plane (constant @) are transformed into striaght lines in the w plane, 

parallel to the imaginary axis. Likewise, radial straight lines 

(constant @) are transformed into straight lines in the w plane, 

parallel to the real axis. Logarithmic spirals in the z plane (9 = Ae*®) 
are transformed to straight lines in the w plane, making a slope of 

I/k with the real axis. Circles and radial straight lines are limiting 

cases of logarithmic spirals, with the constant k approaching 0 and « 
respectively. Thus, in general, the complex logarithm maps loga- 

rithmic spirals to straight lines. 
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A Computer Simulation Model of the Afferent Part 
of the Visual Foveation System* 

F. J. Tolkmitt 
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Abstract. It is argued that the duplicity notion of visual 
perception refers to two separate neural systems, the 
foveation and identification system. A computer simu- 
lation model for the afferent part of the foveation sys- 

tem was developed. It consists of a receptive matrix 

and a retinal, geniculate, and cortical network. Within 

the networks neurons were substituted by threshold 

gates. The retinal information of the model can be 

controlled by the geniculate network and is analyzed 

with regard to stimulus orientation and movement by 

hypercolumns of cortical gates. The implemented 

columnar organization preserves retinocortical con- 

tinuity. Retinal and cortical information together 

provide the necessary prerequisites for the efferent part 

of the foveation system. 

On the basis of studies in the vertebrae retina Schultze 

(1866) formulated the duplicity theory of visual per- 

ception which was based on the fact that the eye con- 

sists of two receptive systems, the rods and the cones. 

The rods populate the retinal periphery; they act at low 

luminances, are sensitive to moving objects without 

regard for detail, and leave little impression ‘on con- 

sciousness. The cones occupy the fovea and taper off 

toward the periphery; they act at high luminances, 

provide color vision with high acuity, and give rise 

to full awareness. This duplicity notion has been sup- 

ported by many psychophysical data in areas like dark 

adaption, flicker detection, spectral sensitivity, etc. 
Lately, this notion has taken on a different dimen- 

sion. Apparently the two sections of the retina subserve 

different behavioral functions. Peripheral vision seems 

to guide orienting behavior and triggers localization 

or foveation (Schiller and Stryker, 1972) of relevant 

stimuli which are subsequently analyzed or identified 

* Supported by a grant from the Deutsche Forschungsgemein- 

schaft 

by foveal vision (Trevarthen, 1968). Ablation studies 

in the hamster have shown that stimulus foveation is 
mediated by the superior colliculus while its identifica- 
tion takes place in various parts of the visual cortex 

(Schneider, 1969). Judged by their orienting behavior, 

animals with ablated superior colliculus appear to be 
blind, even though they are perfectly capable to dis- 

criminate stimuli that are projected into their fovea. 

On the other hand, undercutting the visual cortex does 

not affect their orienting behavior but renders them 

incapable of performing visual discrimination tasks. 
The behavioral consequences of selected ablation of 

superior colliculus and visual cortex suggest that fovea- 
tion and identification of stimuli might be mediated 

by separate neural fiber systems. This seems to be the 

case in light of recent neurophysiological data. To 
clarify this point a quick glance at neural information 

processing is necessary. In general, receptors translate 

changes in luminous intensities into potential differ- 

ences which are processed locally within the neural 

network of the retina. The results of the retinal analysis 

are sent via ganglion cells to the superior colliculus and 

through the lateral geniculate body to the visual cortex. 

The ganglion cells are driven by receptive fields (RF) 

with center-surround properties and have been classi- 

fied into X and Y fibers (Enroth-Cugell and Robson, 

1966) which pick up predominantly foveal and periph- 

eral information, respectively (Stone and Hollander, 

1971). The X fibers transmit to the visual cortex only, 
while the Y fibers send their information to the cortex 
and the superior colliculus (Stone and Dreher, 1973). 

Even though both fiber systems project into the visual 

cortex they remain essentially separate from retina 

through lateral geniculate body to cortex (Cleland 

et al., 1971). Their main functional differences are in 

terms of conduction times and response properties. 
The X fibers are slow conducting and give sustained 

responses to changes in illumination; the Y fibers are 

fast conducting and of transient response nature. Ikeda 
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and Wright (1974) have proposed that the latter are 

involved in the perception of movement and change 

while the former are suggested to deal with the detec- 

tion of form. 
There is evidence that even within the visual cortex 

the two sets of information are processed more or less 

independently of each other. In case of the cat it is 

known that area 17 receives X and Y afferents and 
area 18 only Y afferents (Stone and Dreher, 1973). Both 

areas send projections to the superior colliculus (Gilbert 

and Kelly, 1975) and the respective output cells seem 
to be under the control of the Y afferents even in area 17 
(Singer et al., 1975). These efferent fibers enter the 

deeper layers of the superior colliculus while the super- 

ficial ones are innervated by the retinal Y fibers. These 

two streams of information merge within the superior 

colliculus (Wurtz et al., 1975) and the result enters the 

efferent pathways to the motor system of the brain 

stem. 
So far it is still unclear how the superior colliculus 

performs the selection of pheripheral stimulus for 

foveation. Nevertheless, it seems justified to extrapolate 
the duplicity notion further. It is proposed that the 

rod-cone dichotomy in the retina is preserved through- 

out the whole neural processing chain and that it 

manifests itself in two separate visual systems, one for 

orienting behavior (foveation) and the other for pattern 

analysis (identification). The first one is driven by 

peripheral stimulation which is transmitted via fast 
conducting Y fibers to the superior colliculus and the 

visual cortex. At the latter it picks up preliminary in- 

formation about stimulus features and routes it back 
to the superior colliculus for decisions on foveation. 

The second one is the identification system which 

receives its stimulation mainly from the fovea and 

sends it via slow conducting X fibers to the visual cortex 

only, from where it is cascaded through several pro- 
cessing stages for the purpose of form and color identi- 
fication. 

The Model 

This paper presents the first step toward the develop- 
ment of a simulation model of the foveation system. 

The objective is a camera-computer system that con- 

sist of an afferent and efferent part. The afferent part 

is already existent and consists of a receptive matrix, 

the Y projections into the superior colliculus and the 

striate cortex, as well as the recurrent cortical informa- 
tion to the superior colliculus. The efferent part needs 

to be developed and is going to consist of a collicular 

decision processor, an efferent command repertoire, 
and a motor system for foveation of the camera (see 

Fig. 1). The system as a whole will foveate on its own 

accord on simple peripheral stimuli. 

The following contribution is a description of the 

afferent part of the envisaged operating system. 

Throughout its development care was taken to emulate 

the structural and functional aspects of the mammalian 

visual system which will be referred to as the real sys- 

tem. This was done with the assumption that accurate 

simulation of the real system provides a good chance to 

approximate its operating characteristics. The feasi- 

bility of such an approach was demonstrated in an 

earlier model by Tolkmitt and Hammond (1975) which 

generated place, velocity, and direction information 

about peripheral stimuli. However, velocity and direc- 

tion sensitivity were achieved by means of neuron 

substitutes that did not have sensitivity thresholds but 

were fired by specific input patterns. 

An inconvenience inherent in all computer simula- 

tion models of neural networks is the fact that the 

neural units of such models are processed successively 

while neurons in the real system communicate with 

each other simultaneously. For that reason the con- 

tinuous flow of information interchange within the 

model had to be fractionated into processing cycles, 

during each of which a sequential input-output map- 
ping for all neural units is performed. The processing 

cycle constitutes therefore the basic time rate of the 

model. 

The current model is built out of threshold gates 
which copy the functional characteristics of neurons. 

These characteristics are briefly as follows. The medi- 

um of information transmission within the neurons 

are temporal sequences of electrical impulses referred 
to as spontaneous firing rates (SFR). Communication 

between them takes place at synapses where the SFR 

of any given neuron can be either increased or decreased 

through excitatory or inhibitory stimulation of pre- 

ceeding neurons. The threshold gates in the present 

model have SFRs that consist of continuous trains of 
zeros which are sporadically interrupted by ones, 

symbolizing the electrical impulses. As many input 

gates as desireable can converge on to a given thresh- 
old gate. They can be of either excitatory or inhibitory 
nature and their individual effects may be either equal 
or else are differentially weighted. In either case, during 
each processing cycle the algebraic sum of all inputs 
is compared against an arbitrarily chosen threshold 
value. If the sum exceeds the threshold the gate 
generates a pulse during that cycle. 

The simulation model has in correspondence with 
the real system a receptive matrix, and a retinal, 
geniculate, and cortical network. To avoid confusion 
when referring to the simulation model the gates of 
the various networks are mnemonicized as gangs, 
genics, and corts. 
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Fig. 1. The current and planned versions of the simulation model 
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receptor except for the marginal ones occupies the ° e668 666 Pit EAI 

center of an RF. This means there are nearly as many 

RFs as there are receptors and each RF feeds into an 

on-center and off-center gang. A B 

When not stimulated the gangs have an SFR of one Fig. 2. Receptive fields with rectangular A and equidistant B arrange- 

spike per eight processing cycles. This is an arbitrary ment of receptors. The hexagonal field in B was used in this model 
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value that could easily be changed. Changes in the RF 

input are modulated on to this SFR by means of the 

function 

FR =o(CN—CF/2)— f(PN— PF/2), 

where FR stands for firing rate; C and P stand for the 

number of center and periphery receptors that are 

turned on (N) or off (F), where an off event carries only 

half the weight of an on event; « and f are weights that 

affect the extent of the modulation or the length of the 

signal; they are assigned positive or negative signs 

depending on whether the to-be-modulated gang is of 

on-center or off-center type, respectively. The number 

zeros or ones which are modulated on to the SFR of 
a gang is equivalent to the integer value of FR. Whether 

they will be all zeros or ones depends on the sign of FR 

as well as on the type of the gang. 

According to this formula an antagonistic response 

of transient nature is modulated on to the SFR of a 
gang, depending on whether the center or periphery of 

its RF is stimulated. Transient responses to stimula- 

tion of antagonistic center-surround RFs are essential- 

ly the characteristics cf Y cells in the real system. At 

the moment the values of « and f are chosen such that 

the maximum stimulation of either center or periphery 

of an RF will generate an absolute FR value of 16. 

It implies that the longest signal can consist of either 

16 zeros or ones, indicating maximum inhibition or 

excitation, respectively. In general, the actual length 

of the gang signal that any RF will produce depends 

on its number of receptors that are either turned on 

or off. In this way the gangs give a topographic record 

of activity patterns on the receptive matrix, be they 
of on or off nature. 

The translation of RF stimulation into SFR modu- 
lation of the gang could also be performed by means 

of gate networks, as was done in the model of Tolkmitt 

and Hammond (1975). However, incorporation of such 

networks increases the time for each processing cycle 
and makes the retinal system more rigid with regard 

to desired experimental changes of its translating 
properties. 

Geniculate Net 

On its way to the cortex the output of the gangs passes 

through the geniculate body. The physiological con- 

vergence of ganglion on geniculate cells is such that 

always one or two provide excitatory input while the 

surrounding ganglions have inhibitory effects (Singer 

and Creutzfeldt, 1970). The inhibition reaches the 

geniculate cell via interneurons which are driven by 

the surrounding ganglions as well as by geniculate 
collaterals (Szentagothai, 1973). 

This neural net is implemented in terms of threshold 

gates in such a way that any particular genic is excited 

by just one gang and inhibited by an intergate. The 

latter is driven by several surrounding gangs and the 

genic’s own collateral (see gating circuitry in Figure 3). 

The main function of such a network is that of signal 

attenuation. Without the inhibitory surround the gang 

would pass its signal faithfully to the genic. Because 

of the inhibitory intergate the signal is subjected to a 

certain attenuation, the extent of which depends on 

the sensitivity or threshold value of the intergate. If 

the collective input to the intergate exceeds its thresh- 

old value, it generates an output pulse which on the 

next processing cycle stops an excitatory pulse from 

passing through the genic. The intergates in this model 

have at least seven inputs, six gangs and one collateral 

genic (see Fig. 3). A threshold value of seven would 

render such an intergate insensitive to its input while 

at the next lower threshold value it would fire if all 

seven inputs were pulsing. An intergate with such a low 

sensitivity would practically have no effect on the 

signal transfer across the genic, while at the highest 

sensitivity setting, a threshold value of zero, the 

intergate would essentially block information passage 

through the genic. In general, increasing intergate 

sensitivity yields increasing signal attenuation. 

The nature of the attenuation is further affected by 

various combinations of converging on-center and off- 

center gangs. As long as the input to intergates is 

homogeneous with regard to gang type, one can dis- 

tinguish between four possible combinations of excit- 

atory and inhibitory convergence: on-center excitation 

and on-center (N/N) or off-center (N/F) inhibition; 

and off-center excitation and on-center (F/N) or off- 

center (F/F) inhibition. The first and last type of con- 

vergence (N/N and F/F) are of synergistic nature, the 

two middle ones (N/F and F/N) are of antagonistic 

nature. As the type of excitation is irrelevant with 

regard to its attenuation, one would expect functional 

differences only between synergistic and antagonistic 

convergence. When the two were tested it was found 

that with increasing sensitivity of the intergate the gain 
of attenuation was faster for synergistic than for an- 

tagonistic convergence. As a result, the information 

cut-off point occurred earlier for the former than for the 

latter. At intermediate sensitivity settings of the inter- 

gate, signal attenuations was slightly greater for syn- 
ergistic convergence. This was true for stationary as 
well as for moving stimuli. One could assume that this 
difference in attenuation gradually disappears if one 
were to replace the homogeneous input to the inter- 
gates with gangs of antagonistic center-surround struc- 
ture (Singer and Creutzfeldt, 1970). 

So far it was implicitly assumed that the number of 
surrounding gangs feeding into an intergate was con- 
stant. Varying that number gives rise to changes in the 
width of the inhibitory annulus that surrounds the RF 
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Fig. 3. Circuitry of the geniculate network with three corresponding RFs. The increasing inhibitory annulus (hatched area) results 

from an increasing number of gangs that feed into the inhibitory intergate. The hatched fields represent the centers (some are partly 

covered) of individual surrounding gangs and the broken line their joint periphery 

of the excitatory gang. To test the effect of such a 

variation, three sets of surrounding gangs were fed 

into separate intergates, the layout of which is given in 

Figure 3. The hatched belt always indicates the extent 

of the RF centers of the surrounding gangs which yield 

inhibition via the intergate. The area within the hatched 

belt is the RF center of the exciting gang. No systematic 

changes with regard to signal attenuation were noticed 

for stationary stimuli. However, when using moving 

stimuli width of annulus and speed of stimulus cor- 

related positively. Specifically, signal attenuation was 

more pronounced when fast moving stimuli traversed 

a geniculate RF with a wide rather than a small in- 

hibitory annulus. 

All in all, except for the signal attenuation, the 

geniculate network does not seem to affect the visual 

information in a way that might be of importance to its 

pattern analysis. This is in agreement with the physio- 

logical results on the ground of which the geniculate 

body is considered to be mainly a gating station for 

retinocortical information transfer (Doty et al., 1972). 

Behavioral data on the macaque monkey have shown 

that stimulation of the reticular formation improves 

tachistoscopic discrimination significantly (Fuster and 

Uyeda, 1962). It is assumed that during voluntary eye 

movement the reticular formation first blocks informa- 

tion passage through the geniculate body and augments 

it as soon as the eyes have reached the resting position. 
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Such a mechanism could be implemented in the 

current simulation model by globally affecting the 

sensitivity of all intergates. One way of doing this 

would be through common control lines to all inter- 

gates. Feeding into each intergate as many control 

lines as it receives gang inputs and setting their thresh- 

old values individually at half the number of all their 

inputs, provides the possibility to manipulate the sen- 

sitivity of all intergates. Without any control input 

the intergates would be insensitive because the gangs 

alone could not exceed their threshold values. Hence, 

there would be no geniculate inhibition and the retinal 

information could pass freely to the cortex. On the 

other hand, if all control lines were continuously active, 

any gang could generate geniculate inhibition and 

thereby block the retinocortical signals. Taking into 

consideration that synergistic and antagonistic con- 

vergence yield differential attenuation, it would be 

even possible to curtail selectively one stream of in- 

formation while leaving the other relatively unaffected. 

Cortical Net 

The striate cortex is commonly divided into six layers, 

some of them are further subdivided. Within these 
layers two main classes of cells have been identified, 

stellates and pyramidals. Stellate cells are probably 

responsible for lateral distribution of information 

while pyramidal cells are involved in vertical informa- 
tion processing which is the mainstream in terms of 

processing analysis. Layer IV receives the main bulk 
of the geniculate input and exists entirely of stellate 

cells. From here information is distributed in both 
vertical directions. The individual layers are probably 

performing different analytical tasks. 

The main hypothesis with regard to the functional 

structure of the visual cortex was put forward by Hubel 

and Wiesel (1962). They proposed a horizontal or 

hierarchical and a vertical or columnar organization. 

The hierarchy refers to the fact that the geniculate 
input to layer IV cascades in both directions through 
horizontal layers of cells which increase in complexity 

from simple through complex to hypercomplex and 

extract stimulus features like orientation, size, move- 

ment, and direction. The columnar organization was 

first proposed by Mountcastle (1957) who found the 
somatosensory cortex to be partitioned into modality 

specific, vertical columns which represent the receptive 

surface in discrete units. Penetrating electrodes verti- 

cally through the striate cortex of cats and monkeys, 

Hubel and Wiesel (1963, 1968) recorded cells of equal 
orientation specificity and concluded that the visual 

cortex too is partitioned into columns. They further 

suggested that there are two classes of superimposed 

but independent columns which represent stimulus 

orientation and ocular dominance. 

The most controversial aspect of the columnar 

hypothesis is the implicit mosaic representation of the 

retina and its corollary that cells in adjacent columns 

should vary in discrete monotonic jumps along the 

relevant stimulus dimensions. Hubel and Wiesel (1974) 

claimed that this is the case for cells in the striate 

cortex of the monkey. However, they are squeezing 

the columnar concept to its limit since their orientation 

columns are only 25 to 50 wide which comes close 

to the diameter of a single cell. Similar data from the 

cat seem to suggest that the distribution of retinal 

points and the orientation specificity across the striate 

cortex are not discrete but continuous (Albus, 1975). 

In spite of the recent objections against the colum- 

nar hypothesis (Towe, 1975) it was decided to imple- 
ment such an organization for two reasons. First, a 

partitioned retinal representation in the cortex is 

economical in as much as one can avoid represen- 

tational overlap which keeps the required gating cir- 

cuit at a minimum. Second, the cortical columnes used 
in the present simulation model preserve continuity 

of retinal points across the cortex. 
The nature of the implemented columns is such that 

each of them analyzes a small section of the receptive 

matrix in terms ofall possible stimulus orientations and 

movement directions. It is therefore more appropriate 

to refer to them as hypercolumns since each of them 
consists of orientation columns of six possible angles. 

At the moment there are five layers of corts; one base 

layer of simple corts which provides inhibitory input 

to two layers of complex as well as hypercomplex 

corts which receive additional direct or indirect ex- 

citatory input from the genics. In Figure 4 is shown a 

cut through the layer of simple corts which corre- 

sponds to the fourth layer in the real cortex. The seven 

circular patches of corts are the bases of the hyper- 

columns and furthermore each cort is a member of an 

orientation column as indicated by the bars. One can 

distinguish six angles of orientation sensitivity and 

within each hypercolumn there are either three or four 
corts for each of the six orientations. Their RFs are 

always on a line through the midpoint of the hyper- 
columnar receptive surface and together they cover 
the whole width of it. Adjacent hypercolumns have 
adjacent and nonoverlapping receptive surfaces. Ac- 
cordingly, the visual information contained in the 
receptive matrix is subdivided into small chunks and 
all of them are processed in parallel by identical hyper- 
columns. 

The hypercolumns are a result of an orderly projec- 
tion of genics on to corts. The subdivision of the 
receptive matrix was achieved by partitioning of the 
genics into groups of always 18 neighbouring gates, 
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Fig. 4. Hypercolumnar arrangements of the corts. The bar through 
each gate indicates its orientation sensitivity 

where each group projects into its own hypercolumn 

of corts. The hexagons in Figure 5 indicate the parti- 

tioning for part of the genics. According to the literature 

only a few, maybe only one or two geniculate cells 

converge on to a cortical cell (Creutzfeldt et al., 1974). 

It was therefore decided to feed always two neigh- 

bouring genics into a cort which gives the latter a 

slightly elongated RF. During any given processing 

cycle the cort fires if both genics carry a signal which 

makes it orientation sensitive. 

In Figure 5 the paired convergence for the center 
group of genics is symbolized by little extremeties 

which always point in the direction of the converging 

partner. It will be noticed that there are six different 

alignments of converging pairs, yielding the above 

mentioned angles of orientation sensitivity at the cor- 

tical level. All genics with extremeties converge on 

simple corts which in turn have inhibitory effect on 

complex corts. The latter are excited by genics with 
two or three extremeties. Since simple corts are of 

inhibitory nature, only the genics that are surrounded 

by the hatched belt provide excitatory information to 

the cortical column while the hatched belt itself de- 

marcates the retinal area that exerts only inhibitory 

influence. The hatched fields themselves outline the 

size of the RF centers. 

Apart from the excitatory geniculate input, each 

complex cort receives inhibitory input from those 

simple corts whose RFs are parallel and adjacent to 

its own. With only one inhibitory flank the cort be- 

comes sensitive toward direction of stimulus move- 

ment, with flanks on both sides its orientation specificity 

is accentuated. All complex gates of particular orienta- 
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Fig. 5. Grouping of genics for cortical convergence. Each group cre- 

ates a cortical hypercolumn. The paired convergence for the central 
group is explained in the text 

tion or direction sensitivity feed into separate hyper- 

complex gates. This makes the former sensitive to a 
particular line of orientation irrespective of its position 

within the RF of the whole column and sensitizes the 
latter even further toward direction of stimulus move- 
ment. 

So far there are five layers of gates within each 

hypercolumn. A layer of simple corts with broad 

orientation sensitivity, two layers of complex corts with 

accurate orientation and precursory direction sensi- 

tivity, and two hypercomplex layers with advanced 

sensitivities of both types. The corts in all layers of the 

hypercolumns are more or less orientation sensitive 

and those of identical orientation are stacked on top 
of each other. This provides for vertical orientation 
columns which are frequently reported in the literature. 

Furthermore, as was pointed out already, the orienta- 

tion of all corts are arranged tangentially around the 

centers of the hypercolumns which leads to the circular 

patches of gates in Figure 4. A straight line drawn across 

several hypercolumns will pass along corts whose 

orientation specificities shift continuously in the same 
direction, interrupted occasionally by reversals depend- 

ing on the angle of the line. Similar results have been 

reported recently when penetrating electrodes hori- 

zontally through the striate cortex. They have been 

taken either as support for a columnar organization 

(Hubel and Wiesel, 1974) or as evidence for a retino- 

cortical continuity (Albus, 1975). The two principles 

are commonly believed to be mutually exclusive (Towe, 

1975), yet, the cortical organization of the present 

simulation model demonstrates that they can coexist. 

The cortical hypercolumns of this model subdivide the 
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Fig. 6. Different contour constellations within a hypercolumnar 

receptive surface. In numerical order they cause increasing gang 

reactions while all four trigger identical responses in the corre- 

sponding contourgate 

receptive matrix into distinctly separate areas which 

manifests itself in the fact that the retinal information 
of all areas is analyzed in parallel with regard to the 

relevant stimulus features. In spite of the columnar 
arrangement, the retinotopic representation in the 
cortex is continuous across hypercolumns. This is evi- 

dent from the fact that the RFs of corts along any 

hypothetical line in Figure 4 shift continuously across 

the receptive matrix, even when crossing the boundaries 

between hypercolumns. 

Conclusions 

In its present form the simulation model captures 

some major aspects of the afferent Y system. Gangs 

with antagonistic center-surround RFs produce a 

topographical record of the activity centers (stimula- 
tion) on the receptive matrix by means of transient 
responses. They are attenuated by the geniculate gate 

network because of the inhibitory intergates. This 

provides an option for gating the retinal information 
such that it can pass during rest periods of the receptive 

matrix and gets blocked when the matrix moves. Due 

to the columnar organization of the cortex, the 

receptive matrix is subdivided into separate areas and 

the partitioned information is analyzed in parallel. 

This structure agrees with the columnar hypothesis 

without violating the reported retinocortical con- 

tinuity. Within each hypercolumn line orientation and 

movement directions are extracted out of the stimulus 

material which are well documented processing fea- 

tures of the striate cortex. 

The features the striate cortex extracts out of the 
stimulus material are very basic and tend to be of linear 

and moving nature. Since this information flows back 

to the superior colliculus which is a processing center 

for the peripheral retina, it probably reflects the extent 

of the form analysis that is performed on peripheral 

stimuli. One can demonstrate this fact to oneself by 

performing a quick test. Fixate a point in front of you 

and move a pencil through your peripheral visual 

field. You will notice that it is easy to perceive move- 

ment and its direction. It is also easy to tell the orienta- 

tion of the pencil and when using objects of varying 

extent you can recognize their length and size. How- 

ever, it is practically impossible to make out any finer 

aspects of the stimulus like color, texture, and details. 

Apart from the fact that identification of peripheral 

stimuli is poor, it is still better for linear forms like © 

squares and triangles than for curved ones like circles 

(Collier, 1931; Munn and Geil, 1931). Although forms 

are poorly identified, their appearance is readily 

detected (Handel and Christ, 1969). When linear sti- 

muli are projected into the peripheral retina they trigger 

the awarness that something has entered the visual 

field but the person is not able to tell what it is. That is 

exactly the kind of situation one would expect to 

preceed foveation. 

In order to simulate that situation, contour de- 

tectors or contourgates are currently developed within 

each cortical hypercolumn. They respond to a set of 

contours irrespective of where in the hypercolumnar 

field they occur and in what constellation (see Fig. 6). 

To distinguish between the four contour arrangements 

another discriminative mechanism is needed. One such 

possible mechanism is given by the output of the corre- 

sponding gangs. The four different constellations excite 

the RFs of individual gangs in various degrees. It is 

interesting to note that the longest gang responses are 

caused by adjacent or overlapping contours which 

frequently form regular and symmetrical patterns. It 

should be possible to design networks of threshold 
gates that detect the joint occurrence of a response of 

a certain contourgate and long signals from several 

corresponding gangs. In case of detection of such a 

joint event, a foveation command could be issued to 

move the center of the receptive matrix to the relevant 

stimulus, the exact location of which can be derived 
from the triggering gangs. By proper integration of 
retinal and cortical information it should become pos- 
sible to distinguish between regular and irregular 
patterns, thereby securing a mechanism for the selec- 
tion of peripheral stimuli and the generation of motor 
commands for the foveation of the receptive matrix. 

Within the broader context of visual perception 
such a simulation model would represent a first ap- 
proximation of the neural processes involved in sti- 
mulus foveation which is a prerequisite for its correct 
identification in a normal viewing situation. Appar- 



ently, the discriminative ability of the Y system 1s 
sufficient to distinguish interesting and meaningful 
stimuli from irrelevant ones. It is possible that this 
selection is performed in the superior colliculus and 
that it is based on the distiction between regular and 
irregular forms. While in this simulation model the 
receptive matrix would be focussed on that regular 
form that causes the strongest excitation, it appears 
to be certain that other factors like memory, context, 
motivation, etc. participate in the mammalian fovea- 
tion decision. 
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The Signal-Flow Diagram of the Oculomotor Control System, 
— and its Transferability to the More Intricate Skeletomotor Control System 

P. Lassig 

Cari-Ludwig-Institute of Physiology, Karl-Marx-University Leipzig, GDR 

Abstract. A signal-flow diagram of the oculomotor 

control system has been derived which is able to 

describe the three modes of its action 1) pursuit 

movements 2) voluntary saccadic movements and 

3) the passive non-innervated state of extraocular 

muscles which exists during sleep. It has been taken 

into consideration that in the smooth pursuit system 

there is a neural integrator in order to bring back to 

zero the error between the position of the eye and an 

external constant reference point. [Evidence for 

integration in oculomotor pathways we have from 
experiments by Cohen and Komatsuzaki (1972) who 
used stimulation of the pontine reticular formation. ] 

All this 1s achieved by a system of variable structure 

with three states. In skeletomotor systems likewise 

there are smooth compensatory movements and 

voluntary movements and a state without any innerva- 

tion. Some neurological diseases can be interpreted 

as an impairment of switching at special spots of the 

signal-flow diagram or as a disconnection of signal- 

pathways, respectively. From this can be concluded 

that the signal-flow diagram derived for the rather 

lucid oculomotor control system should be able to 

describe the basic function of skeletomotor control 

systems, too. 

1. Introduction 

As for the system theoretical view of the environmental 

orientation of man three aspects are of importance: 

1) an organism is coupled to the environment by 

receptors, 2) in spite of this coupling voluntary move- 

ments are possible, 3) muscles effecting movements can 

temporarily be in a passive state. Those three aspects 

are prominent in optical orientation, they are less 

clearly obvious than in the innervation of eye muscles 

when it comes to body or limb movements, respec- 

tively. Here they occur only in pathological cases, 

and also in gravity orientation. Confining our atten- 

tion at first to optical orientation, where eye position 

is controlled in relation to an object it is possible to 

derive a control system characterized by three states. 

This control system is then successfully transferred to 

skeletomotor control systems. The three states cor- 

respond to the smooth tracking movements, the 

voluntary saccadic movements and the passive state 
of muscles, respectively. 

2. Smooth Tracking and Voluntary Eye Movements 

The eye tracking system stabilizes the picture of the 

moving target on the fovea. If the tracking error in- 

creases over and above a definite value, saccadic eye 

movements will appear. Figure 1 shows only the 

control loop for smooth tracking movements; the 

signal-flow diagram represents the state of the system 

for tracking eye movements, which we will define as 

a “state of smooth movement”. 

Since in a proportional control system the tracking 

error would increase permanently by the movement 

of a target with constant velocity it is necessary to 

assume the presence of an integrating element in the 

forward path of the eye tracking system. Crone and 

Fig. 1. Signal-flow diagram of the system for smooth tracking 

movements; “state of smooth movement”: w, external command 

variable; target angle; x controlled variable; eye angle; x,, tracking 

error; difference between target and eye angle; J integrating element; 

G transfer element, in which are especially concentrated the dead 

time; t time 
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Fig. 2. Signal-flow diagram of the system for smooth tracking and voluntary saccadic movements; “state of snooth movement”: w;=0O (S— 

closed); “state of saccadic movement”: w;+O (S—open); w,, potential external command variables; potential target angles; w, internal com- 

mand variable: desire to move; S switch in the loop for smooth tracking movements; e threshold for tracking error; x, x,,, 1, G, t—see Figure | 

Verduyn Lunel (1968) experimenting on the closed 

loop and after-images showed that the tracking 

error in the case of a constant velocity of the command 

variable will be constant, this will also hold for the 
error in a control loop with an integrating element in 

the forward path. Kommerell and Klein (1971), also 

working with after-images, showed that the controlled 

variable will steadily increase with a constant 

command variable, if the loop is open. Cohen and 

Komatsuzaki (1972) when applying electrical stimula- 

tion to the paramedian zone of the pontine reticular 
formation in rhesus monkeys proved the existence 

of integration in oculomotor pathways. 
To make possible a target change Lassig (1973) 

suggested a nonlinear static characteristic with thresh- 

old e (Fig. 2). This threshold would be a function of 

attention as shown by results of Weese Puckett and 

Steinman (1969) for tracking movements. Such a 

nonlinear static characteristic would be equivalent to 

the phenomenon known as tunnel vision in percep- 

tion (Trevarthen, 1968). Potential targets in the 

environment are matched by the external command 

variables w,, of Figure 2. As soon as the aligned 

error X,, falls below threshold e, one of the command 

variables becomes effective. With the internal 

command variable w; the position of the eye ball 

can be changed by a saccade, the minimal inter- 

saccadic interval is to be found in the region of 0.2 s. 

It is assumed (Reinhardt and Zuber, 1971), that the 

time dependence of w, is equivalent to time 

dependences of motoneurone discharge during one 

saccadic movement. In Figure 2 we disregard pulse- 

frequency modulation and antagonistic muscles, and 

therefore the voluntary pulse w; is a pulse of constant 

amplitude and variable length. The sign will deter- 

mine the direction of the eye movement whereas 

pulse duration will determine the angle of rotation: 

of the eye ball. 
Any movement from one target to another will 

require an opening of the closed loop for smooth 

tracking movements, otherwise an error signal would 

work against the voluntary saccade. The signal- 

flow diagram with the switch S in an “open” position 

(Fig. 2) shows the state of the system for tracking and 

voluntary movements, which we will define as a 

“state of saccadic movement”. A fact pointing to the 

existence of such a switch is the visual suppression 

during saccadic movements (Duffy and Lombroso, 

1968), this suppression is not complete and effects 

the perception of images. It was as yet not shown 

that the error signal is suppressed in the same way, 

but this is something we have to assume, in addi- 

tion the error value might be suppressed by blinks. 

Haberich and Fischer (1958) investigated voluntary 

eye movements occurring along with head move- 

ments and found that a quick rotation of the eye ball 
normally took place during blinks. Moreover already 

infants aged two years showed that an average of 

80 p.c. of all blinks is linked with voluntary eye and 
head movements. 

If there is no target after a voluntary eye move- 

ment the new position is nevertheless maintained for 
a long time, compared to a minimal intersaccadic 
interval. This function will be described as a “holding 
function” and it will be assigned to the state of saccadic 
movement, because both ontogenetically and phylo- 
genetically it is closer to a saccadic movement than 
to a smooth tracking movement. 
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Fig. 3. Completed signal-flow diagram of the system for smooth tracking and voluntary saccadic movements including adjustability of the 
state of passivity of muscles”; “state of smooth movement”: w;=0, w, =O (S—closed, S,—open); “state of saccadic movement”: w;+0O, 
w,=O (S—open, S,—open); “state of passivity of muscles”: w;=0O, w, 4  O (S—open, S,,—closed); w, signal to switch on the “state of passivity 
of muscle”; S,, switch in the feedback path of the integrating element; x, x,,, 1, G, t see Figure 1; w,,,, w;, S,e see Figure 2 

A third state, which will be described as a “state 

of passivity of muscles” will have to be considered 
since eye muscles may also lack innervation which 

is observed during sleeping (Breinin, 1957). For this 
state we have to introduce a switch S,, in an additional 
feedback path and another command variable w, 

(Fig. 3). When the switch S, will be closed, we face a 

time-lag element instead of an integrating element and 
output x will be proportional to the error value x,,. 
In this case, so as to guarantee that the muscles are 

definitely passive the switch S must be open. The 

signal-flow diagram of Figure 3 represents—with 

switch S open and switch S,, closed—the state of pas- 

sivity of muscles of the system for tracking and 

voluntary eye movements. 

3. Movement of the Muscles of the Skeletomotor 

System 

The control system model for eye movements as 

described above may be transferred on to the 

skeletomotor system, as discerning three states would 

help interpret movements of skeletal muscles among 

other things. In the latter system the movements 

typical of these states are disguised by effects of 

changing load conditions and a diversity of voluntary 

movements. Only in special cases do the states appear 

in a clearcut form: Saccadic movements may be seen 

where the upper threshold frequency by load does not 

smooth quick voluntary movements, something that 

applies to voluntary finger movements of people 

(Wachholder, 1928). In the same way as it holds for 

voluntary eye movements we find a complete inhibi- 

tion of the antagonist of voluntary movements of the 

skeletal muscles. Wachholder demonstrates alter- 

nating innervation also for so-called ‘“versteifte” 

(stiffened) movements, where agonist and antagonist 

are seemingly operating simultaneously. 

A psychiatric symptom, the so-called “Haltungs- 

verharren” (holding of a position) amounts to the 

equivalent of a stationary position of the eye ball 

after a voluntary eye movement. In this case positions 

of head or limbs for instance are kept up without 
fatigue, any intention to do so will not be necessary 

(Fernandes, 1937). Healthy persons don’t show any 

such “Haltungsverharren” because following a vol- 

untary innervation the muscles will automatically 

become passive, whereas in the case of “Haltungsver- 
harren” this must be performed by an additional 
voluntary movement. 

In pathological cases, tracking movements can be 

observed, too (Fernandes, 1937). Here patients feel 

an enforced urge to track with their hands the move- 

ments of the hand of the experimenter, only guided 

by their tactile receptors. This points to an integrator 

in the skeletomotor control system as the phenomenon 

“Haltungsverharren” does. 

The third state, the “state of passivity of muscles” 

occurs in skeletal muscles during sleep (Jouvet, 1967) 

and, contrary to the eye muscles, while people relax 

(Ralston and Libet, 1953). 
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Abstract. To evaluate the order and the values of 

Markov properties of the time series of events, we have 

proposed a statistical measure “dependency”: D,, =(H, 

—H,,)/H», where H, and H,, are Shannon’s entropy 
and the m-th order conditional entropy, respectively. It 

m 

is indicated that D,,= ) (D,—D*) is a better point 
vad 

estimator of D,,, giving a total value of the m-th order 

Markov process. Here D,, and D*" are the estimate of D,, 

and the arithmetic mean of D** when the m-th order 
shuffling is made many times for a given observed 

series, respectively. The value D,,— Ds*=d,, represents 
Markov value of the order m. Under the assumption 

that the series has continuous variables and the normal 
distribution, simplified dependency is defined by @,, 

1 2 
= ~ {log,|S,,| —log,|S,, +11}, where IS is the de- 

2 
terminant of serial correlation coefficients. It is shown 

that D., is practically useful for the estimation of the 

order and the values of Markov processes with small 

sample size. It is also indicated that Y,, analysis is 
basically equivalent to the least mean-square analysis of 

autoregressive models. 

1. Introduction 

Since the papers of Nakahama et al. (Nakahama, 1966; 

Nakahama and Nishioka, 1966; Nakahama et al., 

1966), we have continued the investigation of de- 

pendency which represents the order and the values of 

Markov properties of the time series of events. As spike 

trains are regarded as stochastic point processes, de- 

pendency is applicable for these processes. In an earlier 

paper of this series (Nakahama et al., 1971), a report was 

made on maintained spike trains recorded from single 

neurons of the ventrobasal complex (VB), the lateral 

geniculate nucleus (LGN), the mesencephalic reticular 

formation (MRF) and the red nucleus (RN). The VB 

and LGN neurons are known to process input infor- 
mation precisely and promptly: the function is phasic. 

This was related to the fact that the maintained activity 

of these neuron groups had no or weak Markov 

properties: the state of the neuron depends little on its 

past activity. If time dependence of the maintained 

spike activity in these groups were of great extent, it 
might be inappropriate for processing input infor- 

mation. The MRF and the RN neurons are known to 

regulate the general state of the brain and to associate 

with the posture, respectively: the function of these 

neurons is tonic. This may have a bearing on the fact 

that the maintained activity of these neuron groups had 

higher order and values of Markov properties: the state 

of the neuron depends highly on its past activity. Then 

these suppositions were confirmed with the use of a 

statistic composed of the determinants of the serial 

correlation coefficients, in which the shuffling method 

was introduced (Nakahama et al., 1972). This statistic 

was shown, with semi-Markov processes generated by 

simulation techniques, to be a useful measure with 

small sample size (Nakahama et al., 1974). Thereafter 

this statistic was improved for the point estimator of 
dependency (Nakahama et al., 1975a, 1975b). 

The purpose of preceding and present studies is to 
determine the order and the values of Markov proper- 

ties of neuronal spike trains with the use of dependency. 
However the relationship between the estimate of 

dependency and dependency in the population has not 

necessarily been clear in our previous papers described 
above. Moreover the nature of shuffling has still been a 

matter of speculation. The present study was designed 

to secure the information of these. Here the methods of 

analysis and obtained results are described, together 

with some remarks about the state space and possible 

significance of dependency. It is to be noted that 

definition, designation and notations of this paper 

varies considerably from those of our previous papers. 
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starting point of quantization 

absolute 

time scale 

relative 

Fig. 1A—D. Scheme to illustrate the quantization of time intervals x, 
by equal bin width t. A and B show time scales chosen by absolute 

time; and C and D, by relative time according to the distribution of x,. 

A and C indicate starting points of quantization at time zero ; and B 

and D, at non-zero time. When n,=4, t=x,/4 C and t=(x,—x_,)/4D 
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Fig. 2A—C, Diagram illustrating the relation between time interval 

sequence {x,} and state variables h...ij...kl A, transition probability at 
time ¢ B, and joint interval histogram in the set of states (k, 1) when 

m=1C 

2. Methods 

Fourteen interval sequences with various probability distributions 

generated by computer were employed (Fig. 12): 2 normal processes 

(Appendix 1); 3 gamma (Appendix 2); 2 Wold’s Markov (Appendix 

3); and 7 semi-Markov (Appendix 4). 
It is problem how to determine total number of states n, and bin 

width t for the calculation of dependency. Let t=(X:ax— Xmin)/Ms» 

where Xp, and X,j, are the maximum and minimum value of 

consecutive intervals {x,}(t=1, 2, ..., N), respectively. Then there is a 

possibility that inadequately long bin width is determined, when 

extremely long and/or short intervals exist in an interval sequence. 

Therefore we set the following : t=(X‘,4, — Xinin)/Mo> Xmax = + 30 and 

x, =H— 3a, where and o are the mean and standard deviation of 
{x,}, respectively. When X:nax<Xmax» the value ot a cumulative 99,9 % 

point is newly set by x/,,,; and when x,,;,>Xmin the value of a 

cumulative 0.1% point by x/,,,. Thereafter in the case of x, >Xtay> X; 18 

regarded as belonging to the highest n,-th state; and of x, <X jin, X; AS 
the lowest Ist state. For the calculation of simplified dependency, we 
set the following: x,=Xnax When X,>Xjax3 and x,=Xhin, When 

een 
Uniform pseudorandom numbers were generated with the 

multiplicative congruential method (Naylor et al., 1967). That is, 

Nj4,=a-n, (modP) (i=0, 1, 2,...) 

lig Sly (Pe 

where a is a constant multiplier and “mod P” means that a-n, is 

divisible by multiples of integer P with remainder n;, ,. Then {n,} is a 

sequence of non-negative integers, and r; is a uniform pseudorandom 

number defined by the unit interval (0,1). Such a generation of 

pseudorandom numbers causes the overflow of register and needs a 

full word length. Accordingly the values a and P are necessary to be 

chosen and determined according to the computer employed. Here we 

generated the pseudorandom numbers by setting an initial starting 

value ny = 6351339885, a=5'! and P=2°°. Thereafter the following 
statistical tests of the pseudorandom numbers were made: the 
frequency, serial, lagged product, run and gap tests. These are based 

on the chi-square test for goodness of fit. The randomness of a 

sequence of pseudorandom numbers which we generated is accept- 

able ata 1 % level of significance, when sample size N = 250, 500, 1000, 

2000, 4000, 8000, 16000, 32000. 

For the generation of interval sequences and the computations 

we used HITAC 8800/8700 system (one word, 32 bits) consisted of 

large scale computers. 

3. Dependency for Discrete Variables 

3.1 Choice of Random Variables 

For the analysis of stochastic point process we could 

adopt either the times between events or the number of 

events in an arbitrary unit interval as random variables. 
Since these two aspects of process are considered to be 
fundamentally equivalent (Cox and Lewis, 1966), we 
conveniently deal with the times between events in this 
paper. In the case of regarding the time intervals as 
variate of state space, there are two standpoints in 
which variate is discrete or continuous. 

Firstly we treat with discrete state space. We could 
constitute state space in different ways for the interval 
sequence. It is usually employed to quantize the time 
intervals by equal bin width. In this case, as will be seen 
in Figure 1, starting point of quantization could be 



chosen by either zero or non-zero; and time scale, by 
either absolute or relative time. On the other hand, there 
is a method to quantize the time intervals by unequal 
bin widths. For example, after distributing observed 
intervals equally (Nakahama et al., 1974) or normally 
(Nakahama et al., 1975a) the transformed intervals is 
quantized by equal bin width. In this paper we take the 
following position (Fig. 1D). 

Let 

Met he 2, 3 ea Mg 

be the finite state space for time intervals x, quantized 
by equal bin width. Here n, represents a total number of 
states, and bin width t is determined by the following 
equation: 

oo argeee (1) 

where x_, and x, are the lower and upper « point of the 
distribution of x,, respectively. We assume that x, of 

xX,Sx_, and of x,>x, corresponds to state 1 and n,, 
respectively (see Methods). Then 

(i—1)t<x,-x_,Sit, (2) a 

where x, corresponds to state i. In this definition of state 

space, x, is quantized by relative time scale in the 

distribution. 

3.2 Condition of the m-th Order Markov Process 

In the population, let 

Pn...ij.. 050) (3) 

denote the transition probability of state / at time f, 

given state k at time t—1... and state j at time t—m+1 

and state i at time t—m... and state h at time t—n, 

where the value of h,...,i,j,.:.,, lis one of 1, 2,...,n,, 
respectively, and t=n+1,n+2,n-+3,... (Fig. 2A, B). In 

the case of a stationary Markov process Equation (3) 

becomes independent of t, and is given by 

P;,...i7,.0)- (4) 

Then the necessary and sufficient condition of the m-th 

order Markov process in the state space given by 

Equation (2) is as follows: 

Pomme) oP kD) 
ye SOS 

n m 

+p;_x(l)- (5) 

m—1 

Equality in Equation (5) holds for all n(n2m-+ 1) and 

for all combinations of states (h,...,i,j,...,k,J). 

Inequality in Equation (5) holds for at least one 

combination of states (i,j, ..., k,1). 

Mo-] Mp Mor] 

m 

Fig. 3. Schematic representation of the relation between m and D,,. 

When we let mg denote m where AD,,=0, mo gives the order of 

Markov process. Then D,,, represents the total value of Markoy 

property 
mo 

3.3 Definition of Dependency in the Population 

The transition probability matrix is employed to repre- 
sent the Markov process in a given state space. It is one 

of the main points of time series analyses to estimate 

both the order of Markov process and the transition 

probability matrix from the observed series of events. 

From this aspect we have proposed dependency as one 

of statistical measures to represent both the order and 

the pattern of the transition probability matrix. 
The m-th order dependency D,, in the population is 

defined by 

el io ho elales 
D Da 7 erat (6) 

where H, and H,, are Shannon’s (1949) entropy and 

conditional entropy with the m-th order, respectively. 

That is, 

H,=— Y p()log,p()), (7) 
l 

and 

if =) a) DU, Os Dae) (8) 
iB fioel dh 

where p(/) and p(i,j, ...,4, 1) are a probability of state | 

and a joint probability of states (i,j, ...,k, 1), respectively. 

When we describe the necessary and sufficient con- 

dition of the m-th order Markov process by using H, 

and H,,, the following expression holds: 

Hee pee eel es 

a mal es ae (9) 

Accordingly the following expression — holds 

(Nakahama et al., 1972): 

i ae SU eae 

SD ee Dee (10) 

The order of Markov process is determined by using 

Equation (10). As indicated in Figure 3, D,, is the 
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monotonically increasing function of m. Let AD,, 

denote the increment of D,, concerning m: 

AD N= Di Det. (11) 

where D, =0. When AD,, =0 for all m2m, + 1, the least 

value of my, gives the order of Markov process. Here we 

designate the value AD,, as Markov value of the order 

m. 
The range of D,,, covers the values between 0 and 1 

for all m (Nakahama et al., 1972): 

O20, de 

In the case of independent process, the order of Markov 

process is 0, and the rows of the transition probability 

matrix have the same distribution. 

Then 

DEO be) 

When a stochastic process has Markov properties, the 

rows of the transition probability matrix have the 

different distributions. In the limit case, the transition 

probability of a special state is 1 for each row, and that 

of other states is 0. Here the process is completely 

dependent. In this case, 

rt lee 3) 

Thus D,, is a statistical measure which represents 

degrees of dependence of Markov process. Moreover 

D,, is a generalized statistical measure which represents 
pattern of nonlinear dependence, and is different from 

correlation coefficient which is based on linear hy- 

pothesis. 

3.4 Statistical Inference on the Order of Markov Process 

In the population, the condition of the m-th order 

Markoy process is given by Equation (11). Here we 

describe how to infer the order of Markov process from 

stationary sample sequence of finite size N with the use 

of an estimator of D,,. 

We define the following vector series for m+1 

consecutive intervals drawn from the observed interval 
Sequence (Xi. 2... JN 

bs == Ste - - al 
Xi n= X= m> Xt—m+ NOs eiese'9,*¥ x t—19 ts ’ 

t=m+1,m+2,...,N. (12) 

Let N;,,_, be joint frequencies in the set of states 
Giro) simone A), t= mien IN aneilet 

N;j,..« be joint frequencies in the set of states (i,j, ..., k,l) 
(Fig.2C). Then the estimates of the m-th order joint 

probability and conditional probability are given by 

Ni; 
(i,j, ...,k, = P(t. eer (1 1s) = 

and 

Nii kl 

Pip a D= ean (14) 
eu Nipek 

respectively. Accordingly the estimate of H,, is given by 

x is se Ni. Nie 
= ys, ij...kl lo ij...kl 4 (15) 

Mn den 2 N-m 2 Ihe 

The estimate of H, is as follows: 

vs ON, “ N, 

S25 mm? 

where Ne =o) 1 Nyy 
ij... k=1 

From Equations (15) and (16) the estimate of D,,, is 

given by 

A Hy —H,, 
Do - 

Hy 

(16) 

(17) 

We consider the problem of testing the hypothesis 

for the estimate of the order of Markov process with 

D,,, under the null hypothesis: 

AD, =Dm—Dm—1=9; (18) 

and under the alternative: 

ADS eee (19) 

In order to test the hypothesis for the observed value 

AD,, it is necessary to obtain the sampling distribution 
of AD,, when the null hypothesis is true, where 

Nie A Den 2. (20) 

However so far it seems to be difficult to derive the 
distribution analytically. 

Here we consider getting the sampling distribution 
of AD,, empirically. To do this it is necessary to compute 

AD,,, from sample series drawn from the population in 

which the null hypothesis of Equation (18) is true. In 
such a population the order of Markov properties is 

equal to or less than m—1; and the m-th order 

transition probability is equal to the (m—1)th order 
one: 

Pij KD =D; 4D) (21) 

for the set of all states (i,j, ..., k, 1). 

Here we introduce one of the shuffling methods in 
order to obtain the distribution of AD,,. First we 
observe sample series drawn from the assumed popu- 
lation of the m-th order Markov process. When sample 
size of the observed original series is sufficiently large, 
the estimate of the (m—1)th order transition prob- 

ability is approximately equal to the value in the 
population: 

Pj AD&D; (D). (22) 



Therefore we could assume that the value pa qs 
known. Then we interchange the first component Ke 
in the vector series X, ,, given by Equation (12) with term 
ee drawn randomly from the original series {x,}. We 
define the following vector series: 

DY oe ae cali = nis 

t=m+1,m+2,...,N. (23) 

5 Xp 45 Xp} » 

Here the distribution of {x** ,} corresponds to that of 
{x,}. We designate this operation as the m-th order 
shuffling. The estimates of the m-th and the (m— 1)th 
order transition probability computed from ) 
given by 

are 
t,m 

Pisnj,.A)) and Pj), 

respectively. This expression indicates that only the 
estimate of the m-th order transition probability in the 
original vector series is varied by the m-th order 
shuffling. From Equation (22) x", and 
Coe ee, y,%,) 1s independent of each, other. 
Therefore under the assumption of Equation (22). 

E(Disn ja (D) Dj. x(D- (24) 
Equation (24) indicates that generated vector series 

with this shuffling method is sample vector series drawn 

from the population in which Equation (21) is satisfied. 

Accordingly it is enough to obtain empirical distri- 

bution of 

1S aes Deed 9 homes (25) 

in order to get the distribution of AD,,, where D** and 
D,,-; are computed from Pjsn,;_,(/) and p;__,(J), re- 

spectively. 
We consider how to determine the critical value of 

AD,, at a given level of significance in order to test the 

null hypothesis as shown in Equation (18). To do this 14 

time series models were employed (Table 1 ; Appendices 

{—4), and the shuffling was made many times with 

generated pseudorandom numbers for each time series. 

The empirical distribution of AD of our models, 

where the shuffling was made 100 times for each model, 

resembled normal in the case of n,=5 and 10 (Fig. 4). 

Accordingly we could obtain the critical value of AD>?, 

AD%,, for a given level of significance « with the use of 

the arithmetic mean of ADs", ADs", and of the standard 
m? m? 

deviation SD(AD*") calculated in value by the shuffling 
m 

of a smaller number of times. That 1s, 

AD? =SD(AD**)-C,+ ADs", (26) 

where C, is the upper « point of the unit normal 

distribution. , 

The empirical distribution of ADs" was relatively 

distorted from the normal distribution in the case of n, 

—2 and 3 (Fig.4). In this case we could regard the 

largest value of AD** as a critical value at a level of 
m 
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Table 1. Parameters for 14 interval sequences and their expected 
order of Markoy properties 

Model m o 0; 05 Ox expected 

Name order 

NORML 113 80.2: 20.0 9.465 0.002 —0.000 =1 

NORML O13 80.2 19.8 0.007 —0.011 0.006 0O 

GAMMA 115 65.3 19.6 0.444 —0.009 —0.016 =1 

GAMMAOIS 65.5 19.9 —0.009 0.011 0.004 0 

GAMMA 132 37.0 21.0 0.317 —0.003 —0.019 =1 

WOLDS 101 746 646 —0.158 0.030 0.002 1 

WOLDS 001 76.3 64.6 0.013 —0.009 —0.002 0 

SEMI 1133 104.9 20.5 0.364 0.306 0.234 =1 

SEMI 1213 109.4 19.3 0.343 860.141 0.063 =1 

SEMI 1353 Ki AN 0.384 0.156 0.072 i 

SEMI 1363 110.1 19.5 =0.522 0312 —0.174 21 

SEMI 1116 107.0 20.3 OB 265 0252 Onis Seal 

SEMI 2133 102.9 20.8 OID Oil Os) 20 

SEMI 2026 NPGS). 3is).Ih 0.162 0.421 OHS 2) 

NORML113 

“f — os inifese 

Gl 001) 10021" 6) Woo .002 0) 002 004 

i A ve oo 
ON F002 V004 oN -c02 002 0 004 .008 

| 

Nis= L 

Fr 

CE OOSie Ol ONNOOSINO Z 02 03 

40 

Ns=10 20 

(0) rls yaa 

005 .01 03 04 14 15 16 

abs" abs? aps 

Fig. 4. An example showing the empirical distributions of AD*". Since 

shuffling was made 100 times, the total number of values of ADs 

AD*¥ and AD¥ was 100, respectively. Ordinates, frequency. N =4000 

significance «=1/n, when the shuffling was made n 

times (Appendix 5). From Tables 1 and 2 it is seen that 

AD* is practically useful for the estimation of the order 

of Markov process. 

3.5 Point Estimation of D 

D,, has a distribution in a given sample size N. In the 

case of samples of small size, the bias of D,, is large from 

the true value D,,. If sample size is sufficiently large, the 
bias becomes negligibly small. However in the experi- 

from the Sample Sequence 
m 
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Table 2. Estimated order of Markov properties with 

AD,,(n,=2, 3, 5; m=1-3) and AY,, (continuous; m= 1-10) 

Model estimated order 

Name 

fie? is es) continuous 

NORML 113 

NORMLO13 

GAMMA 115 

GAMMA 015 

GAMMA 132 

WOLDS 101 

WOLDS 001 

SEMI 1133 

SEMI 1213 

SEMI 1353 

SEMI 1363 

SEMI 1116 

SEMI 2133 

SEMI 2026 

NOFRNONON 

NONDCOH 

IV IIV 

IIV_IIV 

NWWNNRFWOrFKF ON OW 

IIV_IIV 

WwWWNFEWORNONOW NNnBRNK KF HOF LOTS) [SOs 

In the case of n,=2,3, AD’ =maximum value of AD*; and 

shuffling was made 100 times. When n,=5, Equation (26) was 

employed, where «=0.01; shuffling, 10 times. In the case of 

AP, «=0.01. N = 4000 m> 

NORML113 

Ns=5 

cs 

ee : 
es asa Gea 

\ N \ | | | 

125 250 500 1000 2000 4000 8000 16000 32000 

N 

Fig. 5. Relation between the values of D,, D and De (ordinate) and m 

sample size (abscissa), respectively. D,, ‘and Ds" are monotonically 
m 

decreasing functions of N; and D,,, ihonere realty increasing func- 

tion. 

ments of neurophysiology, we are often confronted 
with difficulties to get samples of sufficiently large size 

satisfied with the stationarity conditions. It is highly 
desirable to estimate the value D,, of spike trains with 
samples of relatively small size. It is from this aspect 

that we have proposed a statistic to get better point 

estimate of D,, whose bias is relatively small, by 

utilizing D**. 
Let Dt be the arithmetic mean of D** when the m-th 

order shuffling was made n times for a given observed 

series. Then we could define the following measure as 

an estimator of D 

m? 

m? 

m 

Dis aya (27) 
v=1 

where 

(ee I, (28) 

From the properties of the shuffling procedure 

D*—=D,,-, (N09, in prob). 

Then 

dp > AD =D, =D ele, pod): (29) 

Accordingly 

Dap. (N— oo, in prob). 

That is, D,, converges in probability to D,,. Here Markov 

value of the order m, AD,,,, is estimated by d,,. 

Figure 5 indicates that D,, converges more rapidly 
than D,,. The bias of D,, is relatively small. For example 

(Ege). 

|D ,(N =250)—D D,|_ |0.0957—0.0726| 
=0.32 

iy 0.0726 

|D,(N=250)—D,| _ |0.0617—0.0726| 
Da ¥ 0.0726 

=e 

where the value D,(N = 8000) is used for the true value 
D,. That is, the bias of D(N = 250) from D, is 15%, while 
that of D,(N =250) from D, is 32%. Similar results were 
obtained on all other models (Table 3). 

Here it will be explained that the bias of D,, 
smaller than that of D,,. As will be seen in Figure 6 

when Noo 

DatDe (30) 

and 

Dp (31) 

where Ds" is the arithmetic mean of Ds" for sub- 
sequences subdivided from the original series, and | 
indicates monotonical decrease, Equations (30) and (31) 
are analytically proved (Appendix 6). From Equations 
(27) and (28) 

Do UD (32) 



where 7 indicates monotonical increase (Fig. 6). Then if 
DAD. 

De D <(D, =D a ° 

the bias of D,, is smaller than that of D,, (Fig. 6). This 
indicates that D,,, is better than D,, as a point estimator 
of D,,. However as n, and/or m increase the larger 

sample size is needed for the use of D,,. 

4. Dependency for Continuous Variables 

4.1 Definition of Dependency for Continuous Variables 

The numerator of D,, given by Equation (6) represents 

mutual information, which increases monotonically 

and converges to mutual information in continuous 

space when n,— oo (Fig.7). On the other hand the 

denominator of Equation (6), Ho, diverges in value as 

noo (Fano, 1961). Accordingly we define mutual 

information as dependency for continuous variables: 

Da fHe—H.  (n,—90):. (33) 

To estimate D/, it needs large sample size. Then we 

introduce a parametric method where the normal 

distribution is assumed for the time series. 

4.2 Definition of Simplified Dependency 

We shall now be concerned with dependency of normal 

process. In the case of the m-dimensional normal 

distribution, the joint entropy for continuous random 

variable is as follows: 
m 1 

Z,,=log, (2ne)? a", (34) 

where |a?| is the determinant of the covariance matrix 
(aj) (Shannon and Weaver, 1949). That is, 

r lanl =o" |S, 5 

where 

1 0, ne Om-1 
01 1 Ce Ores 

ISl=| : Q; , (35) 

: 0; 

Omi eeem=o) + % G4 I 

and 9, is the i-th order serial correlation coefficient. 

Then dependency for continuous variables, i.e. mutual 

information, is given by the following equation: 

eg, 

Se Lig 5 (36) 

(n,— 00) 

where Z,, is joint entropy (Nakahama et al., 1972). 

When we replace D/, for the normal distribution by 

@,,, the following equation holds from Equations (34) 

DNS) 

Table 3. Comparison between the bias of D, and of D, when R=S 
and N=250 

Model Bias of D, Bias of D, 
Name 

NORML 113 0.32 0.15 

GAMMA 115 0.46 0.00 

GAMMA 132 0.73 0.10 
WOLDS 101 Sil 0.24 

SEMI 1133 0.59 0.02 

SEMI 1213 0.34 0.25 

SEMI 1353 0.22 0.09 

SEMI 1363 0.15 0.08 
SEMI 1116 0.62 0.20 
SEMI 2133 1.50 0.39 

SEMI 2026 2.31 0.56 

Bias of D, =|D,(N =250)—D,|/D,; and of D, =|D,(N =250)—D,|/D,. 
The value of D,(N =8000) is used for the true value D,. Values D, 

and D, are arithmetic mean of D, and D, calculated, respectively, 

from 16 subsequences chosen randomly from a sequence (N = 8000) 

4Dm=Dm-Dm-} 

0 

Fig. 6A and B. Scheme illustrating smaller bias of D,, than D,,. 

Explanations see text 

and (36): 

Dn = {log, |S,,l—logs|S..+[} ’ (37) 

where 

I 0; Om-1 Om 

Qy | Q; Qm-2 Cn=1 

Sn+il= : 5 5 (38) 

Om—1 On—2 Se ! Q; 

Om On= 1 QO; 1 

Here we designate Y,, as simplified dependency. 
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ons SEMI1363 
<— SEMI1 

ee — NORML113 
“~ GAMMA115 
<— SEMI1133 

100 —SEM11213 
<— SEMI1116 
~~ GAMMAI32 

050 

= SEMI2133 
io 
i) <— SEMI2026 
a *~ WOLDS101 

-005 | 

2 3 i & 10 20 40 

Ns 

Fig. 7. Relation between H)y—H, and n,. Values H)—H, are 

estimated by D, x Hy. N =8000 when n, = 2-10 ; and N =32000 when 

n,=20, 40 

4.3 Inference of the Order by Simplified Dependency 

The estimate of simplified dependency Y%,, is given from 
Equation (37) by the following equation in the case ofa 

finite sample size: 

= }7{log,|S,.|— 

where |S 

logy (Semel) (39) 

| is the estimate of |S,,|, being calculated from 
m 

O1, Or5-7, 0,27 Lhe value 0; is calculated from the 
original vector series given by Equation (12), and 

; 1 1 Ni a 7 

b= Yo Comme) 40) 2 
Nia Nit oO t=m+2 

for 

a yoneto.. m—1. 

The null hypothesis for the test of the order of 
Markov process is as follows: 

AY, = GD, (= 0 (41) 1 

Accordingly if we could obtain the sampling distri- 

bution of Markov value of the order m, AY,,,, when the 
null hypothesis is true, we could test the hypothesis 
concerning the observed value AQ, : 

AD i et (42) 

As described previously [3.4], to obtain the sampling 

distribution of AY, it is enough to obtain the distri- 
bution of 

AD*=9"_G,,_,. (43) 

Here Y*" is the estimate of Y,, when the m-th order 

shuffling is made. That is, 

J = 4 flog, [S| —log, IS iI} (44) 

where 

1 Ga Coa 
. aye 1 0; Om 2 

[Ser]=| - on (45) 

0, 
Os 1 On=2 oye 

and 

oY G1 Om 
ot i 0; sles Om—2 Om—1 

(sel : : (46) 

(eee i pie Oa / QO; 

Oe Oe i eee 0; i 

from the definition of the shuffling described previously 

[3.4]. Here 08" is the estimate of correlation coefficient 

calculated ee the shuffled vector series given by 

Equation (23), and 

ALS eee 
i 

ae ALS. 35) (47) ite 

On the other hand, when sample size N is suf- 

ficiently large, 0,(i=1, 2, ...,m—1) is regarded as fixed 

not to vary by the shuffling, and is given by Equation 

(40) similarly to the original series. Therefore J,,,_ , 1s 
regarded as known, and is given by 

Dn —1% Dy 1 = (log, |S n—1|—logs|S,,l}- (48) m 

From Equations (43)—{48) AG? is obtained. 
Under the condition that iS. | is known, |S: ou 

Equation (44) is as follows (Appendix 7): 

Se 1=WI(1- 2), 49) 
where y,, is given by Equation (105) and has the chi- 

square distribution with m degrees of freedom. 

When m=1, from Equations (43), (44) and (49) 

= — Hog, ( = 4), (50) 

Equation (50) indicates that AYS* is a monotonically 
increasing function of y7. Accordingly we could obtain 
the critical value of AQ, AY, for a given level of 
significance « with the use of the critical value x7 (a). 



That is, 

‘ 14 (2) 
49%, = Slog, (1-22) (51) 

It was shown in our models that the critical values 
calculated by Equation (51) were located in an appro- 
priate point of the empirical distribution of AD* (Fig. 
8). This indicates that Equation (51) is applicable for the 
determination of the critical value of Ag*". 

In the case of m=2, it is theoretically shown that 
Equations (50) and (51) could also be used when Nm 
(Appendix 8). In fact, the empirical distribution of Ags 
for m=1,2,...,10 corresponded well with each other 
(Fig. 9). Accordingly we could use Equation (51) as the 
critical value, A9%, of AY" (Table 4). 

4.4 Point Estimation of Simplified Dependency 

The values of simplified dependency Y,, converge 

rapidly to constant values as m increases when mS 10 

and N = 1000 (Fig. 10). The bias of the point estimate of 

QG,, 1s small. Accordingly from the viewpoint of practice, 

it is not necessary to shuffle the original sequence when 

we use J, for the point estimation of Z,,. The profile of 
@,, for simulated models is indicated in Figure 11 as a 
function of m. The values Z,, increase monotonically 

and converge to a constant value as m increases. 

4.5 Relation between Simplified Dependency 

and Autoregressive Analysis 

Firstly we consider a stationary autoregressive series X,. 

If we assume the normality of x,, x, generated by the 

following linear relation gives the best estimate of x, in 

terms of Kjos A Saeew since 
PRG Pe ee Xo ir Sy, | Og OTN ey ay hag a2 

+A,X;—m (Wilks, 1962; Papoulis, 1965): 

Mesogg to? 

OG yr Gg tege gt cnt Og Xe gt Sy (52) 

where ¢, is the residual in the estimation. The expected 

value of ¢, and the mean-square error of ¢, are given by 

the following equations, respectively : 

Eee SSA io a (One aoe cee 

FE eg te OX) } =O, (53) 

Ele? ]=E[{x,— (ap +44%,-1 

lodged Le An amr mee an gol (54) 

The coefficients a; which minimize Equation (54) are 

given by the solutions of the following equations: 

@; + 0,a, +024, + sou AP Oe — Cin = Cre 

044, +4, +0143 +... TOm—24m =Q2 > 

Om=14%1 + Om — 242 + Om—343 4 +++ F Am = Om (55) 
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NORMLO13 SEMI1353 

5% Mo [ 5% 1% 
Y Y ' 4 

—__—_1_ al 

SEMI1363 

40 

20 

fo) 

Fig. 8. Some examples of the empirical distributions of 4%". The 
arrows show the theoretical upper « points (2=5%, 1%). Shuffling 

was made 100 times. Ordinates, frequency. N = 1000 

NORML113 

Fig. 9. An example illustrating the empirical distributions of AG* 

(m=1—10). Other explanations are the same as in Figure 8 
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Table 4. Critical values AZ*, 

N IN AG2- 9-95 

125 0.0393 0.0225 

250 0.0194 0.0094 

500 0.0096 0.0055 

1000 0.0047 0.0028 

2000 0.0024 0.0014 

4000 0.0012 0.0007 

8000 0.0006 0.0003 

and 

ay=H(1- » a). (56) 
i=1 

where = E(x,). Then the least mean-square error é,, 1s 
given by the following: 

e931 —-» ae) 
i=1 

(57) 

where o¢ = Var(x,). Furthermore for normal process the 
conditional variance o?, equals the least mean square 

error: 

iy ve (a Che separ es ce sige SOS 

[Nea %y—25 ee | 

= E(x, (ag 4%, 24 TF A,X, 9 4 sess spp ees 

ae 

In general, the increase of the previous data improves 

the estimation with the decrease of c;. 
Secondly we consider how to determine the order of 

dependence in normal process. The linear correlation 

ratio is defined by the following equation (Wilks, 1962): 

m 

=m, a0; 
i=1 

Im = (58) 
at | ab 

It is evident that O<7,, <1. The value 0 occurs only if 

TENE KE cat El| BO) Neier NNN rhe || Xp By Meet eho peed 

= 1, that is, for normal process, ifand only if x,, x,_ 4, ---, 

and x,_,, are properly linearly dependent. The value 1 
CeCULs TON all yo and (07 eee yy 1X, ater un- 
correlated, that is, for normal process, if and only if x, 
CIC ema mae See ere tncependentmWeicould 

determine the order of dependence with the linear 

correlation ratio y,,. The linear correlation ratio 1,, 

decreases monotonically as the order m increases. Let 

An,, denote the increment of y,, concerning m: 

A= iT ea (59) 

If An,, =0 for all m2m, +1, then my gives the order of 
dependence: fn fact, if y=, 3.7 

[THD OB ON peeve Wee 
Mek if) 

== El] x cre oopaes pee ern (60) 

NORML113 

-30 a m=6 

AJA} | 

-20 

125 250 500 1000 2000 4000 8000 

N 

Fig. 10. An example indicating the relation between G., (m= 1—10) 

and N (125-8000) 

— NORML113 

29) ir 
— SEMI11363 
— GAMMA115 

= SEMI2026 

= SEMI1133 

= SEMI1353 
— SEMI 2133 

10-F ~~ SEMI1116 
== SEMIN2Z13 
—~ GAMMA132 

05 

WOLDS101 

¥ WOLDSOO) 
Z- NORMLO13 

hh tS g—§ = GAMMAOIB 

1 2 3 4 5 6 7 8 SiO 

m 

Fig. 11. Relation between J, and m. The values m corresponding to 
open circles indicate the order of Markov properties of each models 
estimated with A4Y% (x=0.01). N=4000 m 



Eq. (60) indicates that the normal process concerned is 
the m-th order Markov process. The above description 
suggests us that this autoregressive analysis is equiva- 
lent to simplified dependency analysis. Simplified de- 
pendency defined by Equation (37) reduces to 

i Sin 
9, = ~log, —"—. Bae tS na 
Equation (38) reduces to 

L—4101—- 20... Gn Om Q1 Q2 

Q1— 4, — 420, 

\Sma+i1l= 02-410; — a, +» —~GnQm—2 QO; 

Qm— 410m—1 —420@m—2:--+ — ay, 

From Equation (55), Equation (62) becomes 

2 

Om 
Sint 1 = lel $ 

96 

Accordingly 

Dalte ee. 
Sm 0, m ules 

Then Equation (61) reduces to 

1 1 
D,= =log,—. (63) 

Furthermore 4Z,, can also be expressed in terms of y,,,: 

AD =F _,.-—D m— - 

1 
=— 7 lokam —lOg5 7, — 1): (64) 

Equations (63) and (64) indicate that simplified de- 

pendency is calculated from the correlation ratio »,,,. 

5. Concluding Remarks 

5.1 Physical Meaning of Dependency 

Dependency is a statistical measure representing de- 

grees of dependence of Markov process. Degrees of 

time dependent or Markov properties of the time series 

of events are compared with each other with this 

measure. 
Dependency is essentially different from serial cor- 

relation coefficient which is usually employed for 

expressing time dependent properties. Serial cor- 

relation coefficients are expressed as the profile of the 

coefficients of each order (Fig. 12). On the other hand, a 

total value of time dependent properties of a time series 

is represented by dependency, but not by serial cor- 

relation. For example, as shown in Figures 11 and 12, it 

is indicated with the use of dependency that the value of 

Markov properties of a model NORML 113 (Yio 

+> GnQm—1 I QO; 

PING) 

=().263) is approximately twice as large as that of 
another model SEMI 1133 (%,, =0.143). 

It seems to be generally convinced that the higher 
the order of Markov process, the larger the degree of 
time dependence. However this is not necessarily cor- 
rect. When a time series has the higher order Markov 

property with very small values, its degree of time 

dependence could not be regarded as large. Even if the 

order is lower, there are certain cases in which the 

degrees of time dependence could be regarded as large 

(Fig. 11). Thus dependency gives a quantity to evaluate 
the degrees of dependence as well as the order of 

Markov process. Even from this viewpoint, dependency 

forms a new notion of Markov properties. 

5.2 Markov Value 

Markoy value of the order m is given by AD,, and AZ,, 
for discrete and continuous variables, respectively. This 

represents the contribution to a total value of Markov 

properties given by dependency D, and G@,,. 

Accordingly the profile of Markov values of each order 

m (m=1,2,...,m) expresses the weights of the contri- 

bution to the total value (Fig. 13). The order of Markov 

process is effectively determined with the value m in 

which Markov value becomes to be approximately zero. 

The estimate of Markov value for continuous 

variables, AZ,,, has very smail bias, and the critical 
value of AY could be determined by 49% [Eq. (51)] 
regardless of m (Table 4). On the other hand, in the case 

of the estimation of Markov value for discrete vari- 

ables, AD,, has large bias, although d,, has small one. 

Accordingly to estimate Markov value it is effective to 
employ d,,. To estimate a total value of Markov 
properties it is useful to employ D,,,, since the bias of D,, 

is smaller than that of D,,. 
The following equation holds from Equations (20) 

and (28): 

dy, = AD, + (Dy —1— Ds"), (65) 

where D,,_ , is known, and Ds" is obtained by the m-th 
order shuffling. Then the critical value of d,, is obtain- 

able from that of AD,,. 

5.3 Effectiveness of Shuffling 

The m-th order shuffling [3.4] offers an effective 

method to obtain the sampling distribution of AD‘? for 
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Fig. 12. Showing the pattern of original interval sequences of 14 

models, their interval histograms (IH) with bin width 5 time units, 

serial correlograms (SCC), and the value Y,, for m=10. N =4000 

the purpose of the order estimation and to get D,, which 
is a better point estimator of D,,. In these cases sample 

size is necessary to be sufficiently large. 

To get a better point estimate of D,, and to estimate 

the order, it is empirically concluded with the use of D,, 
that the following condition for sample size is necessary 

to hold: 

IN Obras (66) 

This corresponds to the condition that more than 10 
entries, in the mean, are necessary for each one of unit 

bins to estimate the transition probability. 

5.4 State Space and Definition of Dependency 

Dependency is defined by Equation (6) for the state 

space of discrete variables. According to this definition, 

the values of dependency cover between 0 and 1, and the 
degrees of Markov properties of the time series are 

compared with each other regardless of entropy H, or 

uncertainty of the series. For example we could com- 

pare the degree of Markov properties of German words 

with that of English ones, although H,s of these words 
are different. 

For the state space of continuous variables it is 
impossible to define dependency in the same manner of 

Equation (6) [4.1]. Then we have defined, in this paper, 

dependency for continuous variables by the limit of 
mutual information when t-0. In this case the values 
of dependency are non-negative numbers. 

Under the assumption that the time series has 
continuous variables and the normal distribution, 

SEMI1133 

| SEM11213 
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L 1 == 1 1 ae ; r oan - Soe. rat ea 

a GAMMA015 | 
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ee ee ee {SSR Na, Sipear eee 

ie WOLDS101 | 
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Fig. 13. Relation between Markov values AD, (ordinates) and m (abscissae). Broken lines, critical values AG* («=0.01) when N =4000 (see Table 4). Other explanations are the same as in Figure 11 



simplified dependency J, is defined by Equation (37). 
The statistic Dn i is practically useful for the estimation 
of the order and the values of Markov properties with 
relatively small sample size. 

When the state space of the time series is not 
determined uniquely to our present knowledge such as 
in neuronal spike trains or when the sampling distri- 
bution is considerably distorted from the normal, it 
might be necessary for the estimation of the order and 
the values to use dependency of both discrete and 
continuous variables. By comparing with these results 
we could obtain a valid conclusion. 

5.5 Relation among D,,, Di, and G 

If we define Markov process of continuous variables in 

the normal distribution by the discrete state space 

quantized by t, the following relation holds among D,, 
and D’, and 

m? 

Deca D7 (t-0, no). (67) 
m 

This is based on the theorem that mutual information 
which is the numerator of D,, increases monotonically 
to converge to a constant value when t—0 (Fano, 1961). 

It is indicated in Table 5 that Equation (67) holds when 

(ik 

Appendix 1 

Generation of Normally Distributed Interval Sequence. According to 

the central limit theorem, the probability distribution of the sum of k 

independently and identically distributed random variables r,; with 

respective means pi; and variances g;, as k becomes very large, 

approaches the normal distribution asymptotically with mean = 
k k 

> #; and variance o7= }) of (Cramér, 1963). 
= j=1 } 

Let r; be uniformly distributed mutually independent variables 

defined by the unit interval (0, 1). Then 

12\t / Rt@-1k=P) k 

wale) (on) 
j=1t(t—1)(k—P) = 

+p, (t=1,2,...) (68) 

forms the normal distribution with y, and a; (Naylor et al., 1967). In 

order to generate a time series {x,} (¢=1, 2, ...) with serial correlation 

coefficients g;, P(1 <P <k)ofther; condom aber are necessary to 

be common to the successive sunt) Here 0; of {x,} is given by 

Ps 
ee i. (69) 

k t 

if i<k/(k—P). 
The interval sequence (NORML 113) is generated when /, 

= 80.0, o, =20.0, k=24 and P=11. Then 0, =0.46. NORML 013 is 

obtained as a result of 2 times shuffling of NORML113 when N 

= 32000. 
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Table 5. Relation among D,, D/,, and 

Model Dy D' D, 
Name 

NORML 113 0.0354 0.169 0.176 

GAMMA 115 0.0331 0.164 0.158 

GAMMA 132 0.0167 0,083 0.076 

WOLDS 101 0.0047 0.023 0.018 

SEMI 1133 0.0261 0.124 0.103 

SEMI 1213 0.0213 0.108 0.090 

SEMI 1353 0.0447 0.218 0.115 

SEMI 1363 0.0488 0.247 0.230 

SEMI 1116 0.0180 0.086 0.081 

SEMI 2133 0.0072 0.034 0.033 

SEMI 2026 0.0047 0.024 0.019 

The value of D,(N =32000) is used for the true value D,, when the 

state space of the interval sequence is considered to be discrete 

(n,=40); and D, x Ho(N =32000) for D, and Y,(N = 8000) for Gy. 

when the state space is considered to be continuous 

Appendix 2 

Generation of Time Series with Gamma Distribution. The probability 

distribution of the sum of k independent exponential variables each 

with parameter « is gamma with parameters « and k (Naylor et al., 

1967). 
Let r; be uniformily distributed mutually independent variables 

defined by the unit interval (0, 1). Then 

{ k+e-De-P) 

y= == Inr, 
J 

O% 5=1+(1—1)(kK—P) 

| k+(t— 1)(k—P) 

=—-—lIn tT [Pe (70) j 
%  j=1+(-1)(k-P) 

forms the gamma distribution with mean k/« and variance k/«?. To 

generate a time series {x,} with Q;, P of the r; random numbers are 

necessary to be common to the successive products. Here g; is also 

given by Equation (69). 

The interval sequence (GAMMA 115) is generated when p, =k/« 

=6/0, oe =ee S200, fei eye! WPS, Wnsa Gy = Oud. 

GAMMAO015 is obtained as a result of 2 times shuffling of 

GAMMA 115 when N =32000. GAMMA 132 is generated when 1, 

= 37.5, 6 =468.7, k=3 and P=1. Then 0, =0133. 

Appendix 3 

Interval Sequence Generated by Wold’s Markov Process. Here the 

outline of the generation is described (Wold, 1948; Cox and Lewis, 

1966). A detailed description is available in the paper of Yanaru and 

Nakahara (1974). Let the following equation be the 2-dimen- 

sional probability density function for random variables x,, 

56 era (Un 225 ear) 

fa1%15 Xo) 

i 
=A +x,)exp{—(x,+x)} (%1,x,20). (71) 

Then marginal probability density function for x, is given by 

(1+x,)exp(—x,) (72) 
t 
2 f, (x2)= 
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Since f5(x1, %2) + fi(x1) f(a), x, is dependent on x3. In the case of 

X)< 0, f;(x7)>0. Then the conditional probability density function 

is as follows: 

Gs (425) = fae, %5)/ F1 oa) 

X, +X 
= exp(—x,) (x,20,0Sx,<o). (73) 

Waray 

For the generation of the interval sequence the following transition 

probability distribution function derived from the transition pro- 

bability density function is employed: 

PGdbe N= (a1 0eyhxa)- (74) 
0 

Let U be the uniform random number of the interval (0, 1), then it is 

sufficient to obtain the root x=x, of the following equation: 

USIP (4 bey) (75) 

That is, in our case 

HG, SEG 
F (x|x,) i| ex SoeG 

=| — {il 4b Al oey) ei Og 0((= 29), (76) 

where 

1 
A(x3)= 
es) 

Then 

{1+ A(x,)x} exp(—x)=1-—-U. 

Since 1 — U is also the uniform random number, it is sufficient to solve 

the following equation: 

{ler A(x,)x}exp(—x)— U =0. 

Here we obtain various distributions by varying the coefficient @ 
of the following equation: 

aes @x)—U=0 77 
P Ox, oud 4) ; 7) 

We solve Equation (77) with the Newton-Raphson method. When the 

initial value of x, is given, and random number U is generated, the 

root of Equation (77), x =x,, is obtained if the convergence condition 

is satisfied. Let x=x, be the Ist interval of the sequence. Then x, is 
substituted for x, in Equation (77), and random number U is newly 

generated. The 2nd interval is obtained as the root of Equation (77). 

Similarly the 3rd... intervals are derived. To exclude the influence of 

the initial value, the first 100 intervals are abandoned. 

The interval sequence (WOLDS 101) is generated when © = 1.0. 

WOLDS 001 is obtained as a result of 2 times shuffling of 

WOLDS 101 when N =32000. 

Appendix 4 

Interval Sequence Generated by Semi-Markov Process. The rows of the 

transition matrix [ P;,] are utilized to generate a Markoy chain. In the 

following generation of the lst order Markov chain is described. Let r 

be a uniform random number in the (0, 1) interval, andi bea previous 

state of the intervals. If 

AN 

J Mictath 

» Ja, Sih yy ey, (78) 
q=1 q=1 

is satisfied, the next state becomes j. From a given probability 

distribution corresponding to j an interval is generated. Here we give 

the normal distribution with mean pu, (q=1, De eaem IN nocg HS) Chae 

standard deviation o at each state k. Thus the interval sequence 

generated by the n,-state Ist order semi-Markov process is obtained 

(Perkel et al., 1967; Nakahama et al., 1974). The interval sequence 

generated by the 2nd order semi-Markov process is similarly obtained 

with the 3-dimensional transition matrix. 

The interval sequence of the {st order semi-Markoy process 

(SEMI 1133) were generated with the transition matrix 

0.85 0.10 0.05 

0.45 010 0.45 

0.05 0.10 0.85 

with yw, =90.0, 4, = 105.0, uw; =120.0 and = 15.0; SEMI 1213, with 

0.60 0.20 0.20 

0.45 0.10 0.45 

0.20 0.20 0.60 

with , =90.0, 4, =110.0, w; = 130.0 and o=7.0; SEMI 1353, with 

OGy OL 02 

OD OlommOr: 

OP OF OKs 

with pw, =90.0, “= 120.0, w,=150.0 and o=5.0; SEMI 1363, with 

0.10 0.20 0.70 

0.45 0.10 0.45 

0.70 0.20 0.10 

with pp, =90.0, w,=110.0, u,=130.0 and c=7.0; and SEMI 1116, 

with 

[0.60 0.20 0.10 0.05 0.03 0.02] 

O38 O25) C20 Cil0) OOS Us 

OBO O2S O20 OM ORONO OOS 

OKO OO) CLO) O20. OS Oe 

OOS OU Oi C20 O25> 0285 

LOLO2Z OOS 00S OOOO 0.60 | 

with 4, =90.0, 4, =97.0, uw, = 104.0, uw, =111.0, nw, =118.0, ug =125.0 
and g=15.0. 

The interval sequence of the 2nd order semi-Markov process 

(SEMI 2133) were generated with the transition matrix 

(GEM CLAS OM) Oils 

(Cols) SS Opi Oss 

L0.10 0.05 0.85 

with pL, = 90.0, My = 105.0, 4, = 120.0 and ¢ =15.0, where an entry of 
the matrix ((j, k), !) indicates transition probability from state k to state 
! following state j(j,k,l=1~3); SEMI 2026, with 



(2, k) 

(4, k) 

(5. k) 

(6, k) 

OOS OOS OOS O0N 1020 0:55 

0.02 0.03 0.05 0.10 0.20 0.60 

with 4, = 90.0, 5 = 105.0, w, =120.0, w, =135.0, 5 = 150.0, 16 =165.0, 

and ¢=15.0. 

Appendix 5 

Relation Between the Number of Times of the Shuffling and 

Significance Level. Let y,, ..., y, be random samples of AD*, and p, 

be the probability of class i, where 

The probability that the maximum value of y,, y2,.--,), falls into 

class k is as follows: 

il a2 

»=P| max yet =n| Sy n| Py (79) 

1<jSn i=1 

We put 

ett 

yp=lA—o, 0<«<i, 
i=1 

and assume 

Peer =P (G(= 14 2,0) 
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Then 

= B 
a= > Pyt+j-1 = ? 

j= a 
and 

a 
p= p=—. 

1+o 

Accordingly from Equation (79) 

a 
Vea) (80) 

l+a 

We obtain n which gives maximum value of y. Let n be the continuous 
variable. Then 

dy o 
— ={(1—a)""*+n(1 —a)"~' In(1 —a«)} —— =0. 
dn l+o 

Accordingly 

1 
In(i—«)=— =. (81) 

n 

From Equation (81) 

na (82) 

In this case the maximum value of y is as follows: 

(= oa 

12 
A 
/ (83) 

For example when «=0.01, 

VI0313e 

That is, y 1s relatively large in value. This suggests that the maximum 

value of ADS" is approximately regarded as a critical value for m 

significance level «=1/n when the shuffling is made n times. 

Appendix 6 

Proof of D,,\D,, and Ds |D We prove the following equations: m—i- 

D,|D, (Nc), (84) 

and 

D*|D,=0 (N00). (85) 

We sample interval sequences of size N from the population and 

calculate 

N, 
< as N; i 

log, - (86) 
N N 

t=1 

for each sequence, where N, is frequency of state i. Then the arithmetic 

mean of H, is the estimate of E(H). Let p(i) be the probability of state 

iin the population. Since 

E(N,/N)=p(i) 

and 

saad — p(i) (No, in prob), 

Hy — Y. pli)log, pli) 

=H, (N—0oo, in prob). (87) 
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That is, H, is the consistent estimate of Ho. 

The following equation holds: 

BUig)=E{- ¥ Sos, | 
apc 2 ILING N, \* ~woldel-a) ino ean N 

ey ais E(N—N,}* : B—Ny"'| 
inl) SN’ Ne 

Let M(@) be moment generating function of N—N;. Then 

M(@)= Efe? % 

N amon) pan 
N 

» (7, ) ator tae? 
N;=0 i 

=[1—-qi)+q(er)", 
where 

qi=1—p@=p)+... + pG— 1) +pG+1)+... +p™,) 

—<ilig 

Since E[(N —N,)*]=M(0), 

Il 

EA) i ? 2 M0) 

Sin 2 NN Fao NT he 

where 

k 

M(0) = d sa) 

dO” \o=o 

Then 

a i . i SD ye l kis E(Ay)= > ¥ (aa APO -8PO-. — a'-- 
1 n=! 1 

: o| iF (88) 
N 2 N 

oe oa) eee i pe 
io Z fc 24 (i) 64 (i) = heat) él (Mao 

Accordingly 

- i 1 

EU o)=Ho~ x Ao of]. (89) 

where A, =(n,—1)/2. 

We consider estimating conditional entropy 

A,=— 3 pli, j) log, p,(j) (90) 
ij=i 

by 
2 Dated Nise N.. 

a og t os ny O82. (91) 

Here p(i,j) is joint probability of the combination of state (i,j), p,(j) is 

conditional probability of state j following state i, and N;,is frequency 

of the state (i, j) in sample sequence of size N. Then N,,/N, N;,/N;, and 

N,/N are the consistent estimate of p(i,j), p,(j), and p(i), respectively. 

Accordingly Equation (91) is the consistent estimate of Equation (90): 

H,—>H, (Noo, in prob). (92) 

The expected value of A, is expressed by the following equation in the 

same way as in the case of E(H,): 

BH) =H, ~4,-0(2), (93) 
N 

where A, =(n2?—n,)/2. 

Let Hy and A, be the arithmetic mean of H, and A, , respectively. 

When Noo, 

H,=E(A,), 

H, =E(A,), 
and 

B= (Pe) == (94) 
Hy Hy 

Then 

=  E(H,)—E(A,) 
D,® A 

(Ho) 

1 
Hy—H, + ~(4,— Ao) Hy, 

a , =D,. (95) 
1 Ho 

Hy Ao 

That is, D, decreases monotonically to D, when Noo. Equation (95) 

indicates that the bias of D, is determined by N, H, and n,. Then 

Equation (84) is proved. When Noo, 

Ho- a 
Ho 

Hy— Ay 
Ay 

where A’ is the arithmetic mean of Ast when the shuffling is made 
finite times for sample sequence of size N, and H" is that of Hs 
calculated from sample sequences. When Noo, 

A= E(A) = EAS). 

| 

The expected value of He is expressed by the following equation 

similar to Equation (92): 

1 1 meso 
N N 

From our definition of the shuffling, 

Hae 

E(H})= HY 

Then 

Di'= 10, 
Ho~~ Ao 

when Noo. Accordingly Equation (85) is proved. 

It is similarly proved that D,,|D,, and D**|D,,_, when Noo. 

Appendix 7 

2 

ee a Xm : 
Proof of |\S24.,|=|S,| f = =| When we substitute y,, y5,... and y,, 

for 6;", OS’, ..., and Os", respectively, In Equation (46), 

1 Vy aie Ym=1 Vm 

Ash Vy 1 Q; Qm —2 (= it 

Sales e, ae (96) 
: : Qy 

Vn Qm—=1 aA Q; 1 



Here Q;, Q5,-.-;Qm—, are known, when these values are calculated 
from the original sequence of sufficiently large sample size. 

From the vector series given by Equation (23), xs", and 
(X,—m+1>+++sX;,) are independent with each other. Then 

Ely) =0, (97) 

El Gg? =X)? ]=07 (98) 
and 

N 
E(y,y,) (vam? ot EL X)" Om tt — 3) a 8] 

1 N 

iri Q\i-jI> (99) 

if N is large. 

Let S;; be a cofactor of the element (i,j) in 

il Q1 nm Om—1 

a @) 1 Le 25 
Selatet Sine (100) 

Qm—1 Qm—2 Bi i 

Then 

ic l= [S,,|— y SijVid;- (101) 
i,j=1 

On the other hand, from Equation (99) the variance-covariance 
matrix of (V,,¥>,---; Vm) is as follows: 

1 is 
(2x1) _ y Sm: (102) 

The inverse matrix of Equation (102) is 

1 Se 3 ms 
ee Nae Ni = ij l as) (S,,)~ =n {@ |= N(S#), (103) 

(i,j) element of inverse matrix of (S=); where S¥ = —, 

When we substitute |S,,|S¥/ for S;,in Equation (101), we obtain the 

following equation: 

A A Be Ae 
de oa ea [: -—»y NSuy), (104) 

N eee 

We consider the distribution of the quadratic form of matrix (NS¥) in 

Equation (104): 

Y NSiy,y;. (105) 
mad 

(sos -++1m) is a vector random variable having m-variate normal 

distribution, and the mean and the variance-covariance matrix are 

given by Equations (97) and (102), respectively. 

Then Equation (105) has the chi-square distribution with m 

degrees of freedom (Wilks, 1962): 

Xm iS, .1=1S, if) (106) 

Appendix 8 

Proof of Independence of m from the Distribution of AG". From 

Equations (43), (44), (104), and (105), 

AGO =+ flog, |5**|— log, |S%*, ,|} — }{log, |S,,- 1| —log,S,,1} 
2 

» ae kim \ 
3 log, ( N 7 tos, (1— (107) cat 2, 

INS 

where 

Xm= >, NSiy.y,. 
=o 

Since E(y;,)=m and var(y2)=2m, when N>m, 

AG wy B22 

where 

m —- m-—1 Pre 

Wra= s SIV j— » Sm—1 Vi; (108) 
ied i,j=1 

Then moment generation function of W,, is as follows: 

Bee Mae | Set eal ave ys (109) 

where 

INSi| LR 
f (V5 +m) = Se Niiya,). (110) 

(27)” i=l 

Then 

INSU fo) co N m 
E{eWm — V. m j f exp) — + - 6) oS SYyy 

Vn)" = 2 al ae 
m-1 

=O2)) 4. vor} ar dy, 
ij=1 

Here 

Td aie r m- st Say 2 mA ee 

» Sy, Sa"( Yat a =) oe (S- = Ys 4 Eu = Ny =a We 

=Srr(y.+ ge) + y Soe (111) 
m ij=1 

The 2nd term of Equation (111) is derived as follows: 

We put 

— Se Sri 

= Sii- 
ty m ee 

Then 

pene Oe 
Som |S Se 

Seu) ues 

1 
‘ Tj; : 

~ Smmis 2 (Sai? 

where 

Sires 
ey ~im 

hj S i J SE 

Here Ki means the cofactor Of S, in the determinant Ise |. Then T;; is 

the and order minor of reciprocal determinant of |S,,]. When me =3, 

according to Jacobi’s theorem, 

5 . ees UGE Ty= B19 t7S,( 7) 
ym 

A Pee i 
=18,1(-0"5,-(] 

) 

SS Se eal see 13 

iON : arts : : 
where S,,, ( is the (m— 2)th order minor of |S,,| in which the i-th and 

jm 

m-th rows of |S,,|, and the j-th and m-th columns of |S,,| are removed ; valk 

ca, ( i is the (m—2)th order minor of |S,,_ ,| in which the i-th row 
J 
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: Sane Ae 
and j-th column of |S,,_,| are removed; and (—1)'"’S,,_, () is the 

cofactor of (i,j) element in the determinant Ste ,|. Then 

— Wi B,,=S4_,. 

Accordingly 

2 NSU 20 x ; m=t 

Efeo%m — | INSnl | -«. J exp( —4 x NS8_, yyy) dy dV 

V(Qn)" -2 -« = 

; (N —20@) Sm m=1 §mi 2 
| exp| - SRE Vn + E ani} lav, 

_ VINSE| YQnyn" / OR 

V@nm /\NSi_,| ¥ (N-20)Sz 

where 

... N™ 
INSFIl= = 

IS nl 

Then 

, 20\"+ 

Eteo=) =(1- (112) 

When m= 2, Equation (112) is also derived directly from Equation 
(109). Then 

, 
1 y 

ae and var) =a (113) 

Equation (113) indicates that the distribution of W,, has the same 

SE eae ig ngs ; : 
distribution OF gt That is, if we neglect the higher terms of 1/N in 

Equation (107), the distribution of AD* has the same distribution of 
of AD? for all m. 
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The Modelling of a Burst-Generating Neuron 
with a Field-Effect Transistor Analog 

R. M. Gulrajani, F. A. Roberge, and P. A. Mathieu 
Biomedical Engineering Group, Department of Physiology, Faculty of Medicine, University of Montreal, Montreal, Canada 

Abstract. An electronic analog that models the burst 
generating neuron R, ; of the Aplysia abdominal gang- 
lion is described. The analog is based on the four branch 
Hodgkin-Huxley equivalent circuit for a patch of squid 
axon membrane, with a choice of parameter values 

appropriate to the Aplysia cell membrane. To realize 

the slow subthreshold oscillations seen in cell R, ; upon 
exposure to the drug tetrodotoxin (TTX), it was 

necessary to include two additional conductance bran- 

ches, gx, and gx, to the basic Hodgkin-Huxley circuit. 
Without these, the analog was capable of generating 
only action potentials and hence termed the “supra- 

threshold” analog. With all six branches operative, 
bursts very similar to those seen in R,; were realized, 
and subsequent inhibition of the Hodgkin-Huxley 
sodium conductance gx, resulted in the desired sub- 
threshold oscillations. The electronic circuitry and the 

performance of the “suprathreshold” and complete 

analog are described. An explanation is offered for the 

progressive widening of the action potentials within a 

burst seen in R,;. The analog also simulates the 

phenomenon of potassium ion accumulation outside 
the cell membrane during a burst, using a local feed- 

back loop to reduce the potassium equilibrium potential 
in a manner roughly proportional to the logarithm of 

the time integral of the outward potassium current. 
Some consequences of this effect are also discussed. 

Introduction 

The central nervous system of invertebrates has long 

been used for the study of single neurons. One of the 

most common preparations is the abdominal ganglion 

of the marine mollusc Aplysia californica. A limited 

number of neurons in this ganglion have been identified 

by Frazier et al. (1967) according to their position, size 

and pigmentation (Fig. la). These identified cells have 

been classified into four groups according to their usual 

pattern of activity. Silent cells (e.g., cells Ry, L,), which 

discharge action potentials only upon stimulation. 

“Beating” pacemaker cells (e.g., cells R,—R,) which 
generate action potentials spontaneously at a more-or- 

less regular rate and with a firing frequency in the range 

0.5 —2 per second. Irregular pacemaker cells (e.g., cells 

L,, Lg) which are generally beating pacemaker neurons 

whose steady rhythm is modulated in an irregular 

fashion by synaptic inputs from other cells in the 

ganglion. And finally “bursting” cells (e.g., cells R, ;, L, 

—L,, L,) which display a firing pattern characterized 
by clusters of spikes separated by periods of hyper-. 

polarization (Fig. 1b). 

These various forms of spontaneous activity make 

the abdominal ganglion of Aplysia ideal for the in- 

vestigation of the mechanisms of “beating” and “burst- 

ing” activity. In particular the bursting cells R,<, L, 

—L,, Lg have been extensively studied. A typical 
experiment involves dissecting the abdominal ganglion 

from the animal, and pinning it on a resin layer, in a 

bath which is perfused with artificial seawater. The 

bursting cell is then penetrated with two KC /-filled 

glass microelectrodes, one for recording the internal cell 

membrane potential, the other to permit the passage of 

intracellular current for stimulation purposes. The 

change in firing activity in response to changes in the 

perfusing solution can also be studied. One such 

experiment involved the substitution of artificial sea- 

water with seawater containing the’ drug tetrodotoxin 

(TTX). This substance is known to block action poten- 

tials in biological cells, by inhibiting the early transient 

increase in the cell membrane sodium conductance that 

triggers an action potential (Moore and Narahashi, 

1967). Moreover the drug seems to be highly selective in 

that it blocks just this one ionic channel, leaving the 

other ionic pathways relatively intact. When the burst- 

ing cell was exposed to TTX, as expected all action 

potential activity eventually disappeared (Strumwasser, 
1968: Mathieu and Roberge, 1971). However the cell 



Fig. 1a—d. Some characteristics of the Aplysia bursting cell R, ;.a Diagram showing the identified neurons on the dorsal side of the abdominal 

ganglion ; bursting neurons are shown shaded. b Tracing of the bursting discharge of cell R; ;.¢ Photograph ofa typical burst discharge in R, ; in 

which the action potentials have been superposed to show the progressive increase in action potential duration as the burst develops. d Slow wave 

oscillations unmasked by tetrodotoxin (TTX) in R,; 

continued to exhibit its cycles of depolarization and 

hyperpolarization (Fig. 1d). Clearly these slow mem- 

brane potential oscillations are behind the cell’s burst 

firing pattern in normal seawater. 
Once the independent existence of these slow oscil- 

lations was demonstrated, the question naturally arose 

as to the ionic mechanisms responsible for their gene- 

ration. Junge and Stephens (1973) demonstrated that an 

increase in membrane conductance, primarily to K* 

ions, is responsible for the hyperpolarizing phase of the 

slow wave. Using the voltage clamp technique, it was 

found that two slow current components are activated 

during the slow wave: an initial inward current due to 

Na” ions followed by a progressively increasing out- 

ward current due to K* ions (Gola, 1974; Carnevale, 

1974 ; Smith et al., 1975). Thus it would appear that slow 

cyclic variations in two distinct membrane con- 
ductances are responsible for the slow oscillations. The 

depolarizing phase is due to an increase in a sodium 

conductance and is accompanied by an inward flow of 

Na” ions, the hyperpolarizing phase is due to a 

subsequent increase in a potassium conductance with 

an outward flow of K* ions. These slow conductance 

variations are of course in addition to the fast sodium 

and potassium conductance transients that are res- 

ponsible for action potential generation. 

Although the principal features of the bursting 

mechanism are known, viz., that bursting is due to an 

underlying slow oscillation which triggers action poten- 

tials during its depolarizing phase, and that this slow 

oscillation is itself due to cyclic variations in a sodium 

and a potassium conductance, several points remain to 

be elucidated. For instance, it has been observed that 

during a burst the frequency of firing first increases and 

then decreases (Fig. 1b). Is this effect consistent with the 

assumed bursting model ofa slow oscillation triggering 

action potentials? And what, in turn, is the effect of the 

action potentials during a burst on the slow oscil- 

lations? What are the most likely explanations for the 

changes in waveform of successive action potentials 
within a burst (Fig. 1c)? Although final conclusive an- 

swers to these questions must await the results of more 
biological experiments, considerable additional insight 

into the burst mechanism can be gained by constructing 

an electronic analog of the bursting cell. Based on the 
information summarized above, the analog must con- 

sist of fast sodium and potassium channels to generate 

action potentials along with two additional, and much 

slower, conductance channels for generating the slow 

oscillations. If the assumptions underlying bursting are 

correct, the performance of this electronic analog 

should closely approximate the real bursting cell. In 

addition, “electronic” experiments involving changes in 

analog parameters can be easily performed to suggest 
both possible answers to the questions raised, as well as 
biological experiments to verify these possible answers. 
A similar approach, but employing digital simulation, 
has recently been described by Both et al. (1976). 
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Modelling Technique 

The FET Analog for the Squid Axon Membrane 

An electronic analog for a patch of squid axon mem- 

brane, employing field-effect transistors (FETs) to 

simulate the sodium and potassium ionic conductances 

has recently been described (Gulrajani and Roberge, 

1976). A brief summary of the technique is given below 

as the analog constructed to model the Aplysia bursting 

cell also utilizes FETs to simulate the various ionic 

conductances. 
The squid axon membrane has been characterized 

by a four-branch electrical equivalent circuit (Hodgkin 

and Huxley, 1952d). These four branches represent the 

membrane capacitance C,,, the conductance of the 
membrane to sodium ions (gy,), the conductance to 
potassium ions (gx) and a lumped membrane con- 

ductance to all other ions besides Na* and K * (g,). The 

ionic conductances are each placed in series with an 

electromotive source whose magnitude equals the 

Nernst equilibrium potential for the respective ion 

species : Ex,, Ex, E,. Using the voltage clamp technique, 

Hodgkin and Huxley (1952a, b, c) found that de- 
polarization caused an “activation” or increase in 

both gy, and gx, with the gy, increase being only 

temporary (Fig. 2a). The peak gy, and gy values 

reached varied with the amount of depolarization 
(Fig. 2b). The gy, and gx transients of Fig. 2a 

may be characterized by their “rise” times and “fall” 

times, the second being the time for the conductance to 

reach its resting value when the applied depolarization 

is removed (the dotted transient in Fig. 2a). In addition, 

the g,,, transient is characterized by an “inactivation” 
time constant which governs the decay of gy, with 

maintained depolarization and a “recovery-from- 

inactivation” time constant that governs the rate of 

removal of the effects of this decay once the de- 

polarization is removed. Also both the sodium and 

potassium rise times and the sodium inactivation time 
vary with the level of applied depolarization. The rapid 

initial depolarization that characterizes an action pot- 

ential is due to a corresponding increase in gy, (and a 

concomitant inward flux of Na”* ions). This is followed 

by an increase in gy (and an outward flux of K~ ions) 
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that results in the repolarizing phase of the action 

potential. 
The modelling of the squid axon membrane in- 

volved using a junction FET and resistor in series to 

simulate the variable sodium and potassium con- 

ductances (Fig. 2c). Since the drain-source conductance 
ofa FET is controlled by the voltage applied to the gate 

terminal, the dependence of gy, and gx on membrane 
depolarization (Fig. 2b) was realized by feeding back 

the simulated membrane potential, V;,, to this terminal. 

An accurate match required a careful selection of FET, 
series resistor, feedback gain, as well as the size of the 

membrane patch to be simulated (Gulrajani and 

Roberge, 1976). The correct transients in gy, and gx 
were realized by interposing a waveshaping network in 

the feedback loop. Correct adjustment of this network 
was done empirically such that for a step change in Vj, 
the waveform at the gate resulted in the desired 

conductance transients. The action potentials gene- 

rated by the four-branch FET analog were found to be 

remarkably similar in form to those observed in the real 

squid axon membrane. 

Development of the FET Analog for the Aplysia bursting 

cell 

Clearly if it is desired to model the Aplysia bursting cell 

with a FET analog, the first step is to obtain the 

magnitudes of the membrane parameters for this 
preparation. This entails knowing the approximate 
values of each of the elements in the equivalent circuit, 

the variations in gy, and gy, with depolarization, and the 

magnitudes of the rise times, fall times, inactivation and 

recovery-from-inactivation times of the conductance 
transients. Again some of these time parameters may 

vary with depolarization levels. Furthermore two ad- 

ditional branches, the slow sodium and slow potassium 
conductances, gy, and gy, have to be included to 
completely characterize the bursting cell. The selection 

of these parameters based on the available experimental 

data, and the development of the final electronic analog 

of the bursting cell are described below. 

This development took place in two steps and will 

be described as such. Initially a classic four-branch 

Hodgkin-Huxley equivalent circuit was constructed, 

i.e., the conductance branches gy, and g, responsible 
for the slow subthreshold oscillations were omitted. We 

refer to this circuit as the “suprathreshold” analog and 

its description and performance are given together 

below. The suprathreshold analog may be considered to 

model either a silent or a beating pacemaker cell, as it 

can be transformed from one to the other. In the second 

phase the subthreshold conductance branches gy, and 

gx were added, to yield the complete FET analog of the 

bursting cell. The construction of these subthreshold 

branches and the performance of the complete analog 

are described next. A discussion of the results obtained 

concludes the paper. 

The Suprathreshold Analog 

Parameter Estimation 

Kunze and Brown (1971) used liquid ion exchanger 

microelectrodes to measure the potassium and chloride 

activities in certain Aplysia cells, in order to obtain 

values of the equilibrium potentials E, and E,,. Using 

their results as a guide and assuming that E, may be set 

equal to E,,, we select E, = —75mV and E, = —55 mV. 
With the same technique, Russell and Brown (1972) 

estimated the sodium equilibrium potential Ey, as 76 

+5mV. However voltage clamp studies on R, 

(Geduldig and Gruener, 1970) have indicated that the 

inward current reverses at a membrane potential of 

approximately +55mV and that the contribution of 

calcium ions to this inward current is small. Thus it was 

deemed preferable to use Ey, = +55mV. 
The specific membrane capacitance was chosen as 

{uF/cm*. This figure corresponds to experimental 

measurements on the Anisodoris nobilis G cell, a 

somewhat similar type of invertebrate neuron (Gorman 

and Mirolli, 1972). It may be noted also that this value 
of membrane capacitance is being increasingly accepted 

as a standard for the biological membrane, both on the 

basis of actual measurements as well as the range of 

values to be expected from a consideration of the 

physical dimensions and chemical structure of biologi- 
cal membranes (Cole, 1968; Jack et al., 1975). 

To estimate g, we refer to observations made by 

Carpenter (1970) on the cell R,. He estimated the total 

resistance of R, as about 10° Q. Next, considering R, to 
be a sphere of diameter 600 p: with membrane infoldings 

sufficient to increase the apparent surface area by a 

factor of 10, he calculated the surface area of the cell to 

be approximately 0.1cm?. This yields a value of 

10- ° mhos/cm? for the specific membrane conductance 

at rest, viz. (g; +gy, rest+g, rest)=107 ° mhos/cm7. It 
is reasonable to assume that most of the membrane 

conductance in the resting state is due to g,. Therefore 
we select g,=9x 10° °mhos/cm? and (Gy, rest +g, 
rest) = 107 © mhos/cm?. 

The next step was to estimate the variation in peak 
Jn, and peak gx with depolarization. These were 
calculated from published current-voltage curves 
(Geduldig and Gruener, 1970; Eaton, 1972). The peak 
Jna and peak gy curves are plotted in Figure 3. These 
curves must be considered to be very rough estimates, 
since to obtain them considerable extrapolation of 
clamp currents and guessing of cell size and surface in 



the published experiments cited were necessary. They 
are scaled to represent the peak conductances of 5mm2 
of Aplysia membrane, the size of the membrane patch 
simulated by the analog. For comparison purposes, 
superposed on the curves are the measured peak One 
and peak g, data points obtained via voltage clamp 
tests on the completed suprathreshold analog. 

Initial estimates of the magnitude of the time 
constants governing the gy, and g, transients were also 
obtained using some of the results published by 
Geduldig and Gruener (1970) and Eaton (1972). Slight 
adjustments of these time parameters were eventually 
required to bring the action potential waveforms of the 
suprathreshold analog into good correspondence with 
those seen in Aplysia cells. 

Potassium Accumulation and Potassium Inactivation 

Eaton (1972) has convincingly demonstrated the 

phenomenon of potassium accumulation in cell R, ;. He 

found that in this cell the outward potassium current 

(Ix) during voltage clamp, decayed to a steady state 

value appreciably less than the peak J, reached. This 

drop in J, can result from either an inactivation in gx or 
a reduction in the magnitude of E,. While Eaton could 
not rule out g, inactivation entirely, he did show that a 
considerable reduction in the magnitude of E, occurred 

with an ongoing I, outflow. For example, with a 
maintained depolarization of+55mV he obtained an 

E, shift from—70mV to—30mV in approximately 2 
seconds. Thus it would seem that the outward flowing 

potassium ions tend to accumulate in pockets just 

outside the cell membrane, thereby temporarily aug- 

menting the extracellular potassium ion concentration, 

and consequently reducing Ex. 

The progressive reduction in action potential under- 

shoot during a burst (Fig. 1b) could very well be due to 

such an E, shift with potassium current outflow. This 
effect was incorporated in the suprathreshold analog by 

means of a local feedback loop which approximately 
t 

i) I,dt 
0 

assumes that the extracellular potassium concentration 

is proportional to the time integral of the outward 

potassium current. 
It was also decided to include a small amount of gx 

inactivation in the suprathreshold analog, partly be- 

cause there is a possibility that the effect is present in 

Aplysia cells and partly to verify whether cumulative gx 

inactivation could be held responsible for action poten- 

tial widening during a burst (Fig. 1c). The amount of gx 

inactivation, and the magnitudes of the time constants 

for gx inactivation and recovery-from-inactivation, 

were left adjustable for lack of precise information. 

realizes the function AE, ~In . This equation 
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values in cells R, and R,;. The dotted portions were obtained after 
extrapolation of the original voltage clamp results (Geduldig and 

Gruener, 1970; Eaton, 1972). Data points are results obtained with 

the suprathreshold analog 

Simulation of Peak gy, and Peak gx Curves with FETs 

The total conductance, g, of a FET in series with a 

resistor R (Fig. 4, inset) is given by g=gps/(1+ Rgps) 
where gpg is the drain-source conductance of the FET. 
For a sufficiently large negative gate bias, one has 

Jps <(1/R) and hence g~ gps. As the gate bias is made 

less negative, ultimately gj,>(1/R) and consequently 
g <(1/R). Thus the total conductance saturates at this 

value. This variation of g with gate bias Vg is illustrated 

in Figure 4. 

Now if a characteristic such as that of peak g, 

against depolarization (Fig. 3) has to be matched, in 

which the curve just begins to exhibit saturation, a 

careful selection of FET and series resistor has to be 

made. This is because the total conductance of the series 

arrangement remains equal to gp</(1+ Rgps) and can- 
not be approximated by the limiting value (1/R). 

Accordingly, R must be selected to be appreciably less 

than 1/(g, max). On the other hand if the peak gy, 

against depolarization characteristic has to be realized, 
where an appreciable degree of saturation is exhibited, 

one can simply select R=1/(gy, max) and make sure 

that the condition gps>(1/R) is satisfied by driving the 

gate sufficiently towards zero for large depolarizations. 

This procedure has one drawback however, for while 

the simulated conductance saturates at the correct 
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value with increasing depolarization, the input to the 

waveshaping network does not (Fig. 2c). Thus the 

transients in gy, keep changing even though the peak 

gna Value remains constant. It was therefore necessary 

in the case of gy, simulation, as will be described in the 

next section, to include a limiter amplifier before the 

wave-shaping network that also saturated at the same 

level of depolarization as the peak sodium con- 
ductance. 

Circuit Description 

The complete schematic of the gy, simulation network 
is Shown in Figure 5. The limiter amplifier A, follows 
the initial buffer amplifier A,. The potentiometer 

marked “Na gain” is adjusted so that A, limits at—10V 

(approximately the breakdown voltage of the 1 N 758 A 

Zener diode D,), for a depolarization of approximately 
30mV from rest. The gain of the final operational 

amplifier in the feedback loop (A,) is fixed so that when 
A, limits, the condition gp,>(1/R) holds and con- 

sequently, the peak g,,, reached is approximately equal 

to (1/R). To simulate TTX blockage of the sodium 

conductance the normally closed switch “g,,, block” is 

opened, thereby drastically reducing the gain of the 

operational amplifier A,. The feedback capacitor ac- 

ross A, determines the sodium rise time. The charging 

rate of the 20uF capacitor through the SV 100A 

varistor and MPS 6522 transistor determines the in- 

activation time constant. This charging rate increases 

with increasing depolarization (as long as A, does not 

limit), thereby decreasing the inactivation time. The fall 

time, inactivation time and recovery-from-inactivation 

time of the sodium conductance may be varied by 

changing the appropriate potentiometer settings as 

marked in Figure 5. The resting value of gy, 1s varied by 

adjusting the potentiometer “FET bias”. A resting 

potential of —45 mV was selected as being most repre- 

sentative of Aplysia cells, and the resting values of gy, 

and gx are set to yield this resting potential for the 

analog. 

Correct adjustment of the gy, circuit is done by 

clamping the simulated Aplysia membrane to its as- 

sumed resting potential of —45 mV and subjecting it to 

depolarizing steps. The gx, transients are visualized by 

monitoring the sodium current (as the voltage across 

the 31.9K resistor), and the various time parameters 
may then be appropriately adjusted. Furthermore the 

peak values of g,,, should correspond with the desired 
values of Figure 3. 

The schematic of the gy circuit is shown in Figure 6. 
In this case A, is connected simply to provide ad- 
ditional gain and does not limit. The potassium rise and 

fall times are adjustable by changing the settings of the 

potentiometers so marked. Partial inactivation to a 

steady state value is provided by the elements between 

A, and A,. There is no dependence of the inactivation 

rate on the level of depolarization. As before the 

potentiometer marked “FET bias” sets the resting value 

of gx. Adjustment is done via voltage clamp tests with 
the switch “E, shift” open (no E, shift due to accumu- 
lation). The variation of gy is observed at point I, after 

a hundred-fold amplification of the potassium current 

waveform. The potentiometers marked “gain”, “rise 

time”, and “steady state conductance” are adjusted 

simultaneously to realize both the correct peak gx 

values (Fig. 3) as well as the appropriate g, transients. 

Closing the switch “Ey shift” will result in E, shifts 
with the outward potassium current. Here A, integrates 
the potassium current; its output is then fed to the 
logarithmic amplifier A, 9. The output of the latter has a 
non-adjustable slope of approximately 60mV per de- 
cade change in input voltage, and is temperature 
dependent. However, the variations in slope are slight 
following an initial warmup period of a half hour, and 
as such they do not materially affect the results. The 
output of A,, is applied to the FET-series resistor 
combination via A,,. The quiescent value of Ex 
(—75 mV) is also set through A, ;. An increase in I, will 
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Fig. 7. Photographs of the suprathreshold gy, and g, transients for 

the depolarization steps indicated 

change this quiescent value by an amount roughly 

proportional to the logarithm of the integral of I,, as 

desired. The time constant of the E, shift may be varied 

by changing the 5uF integrating capacitor, and its 

magnitude by varying the potentiometer marked 

“AE,”. These parameters were usually set to obtain 
Eaton’s (1972) observation of a 40mV E, shift in 

approximately 2s, following a maintained de- 

polarization of 55 mV. 

Performance 

The gy, and gy circuits (Figs. 5 and 6) in parallel with a 

capacitance Cy of 0.05uF and a leakage branch 

comprising g,=0.45pumhos and E,=—S55mV con- 
stituted the suprathreshold analog. The resting sodium 

and potassium conductances were selected to be close 

to the extrapolated values of the conductance curves of 

Figure 3, and at the same time result in a resting 

potential of—45 mV for a silent analog. As mentioned 

earlier, the suprathreshold analog could be transformed 
into a beating pacemaker by appropriately adjusting 

certain circuit parameters. In the previous simulation 

study of the squid axon membrane (Gulrajani and 

Roberge, 1976), the condition for spontaneous pace- 

maker activity was that the potassium fall time had to 

exceed the sodium recovery-from-inactivation time. In 

this way, a recovering (decreasing) potassium con- 

ductance following an action potential would result ina 

slow depolarization, which would in turn trigger ano- 

ther action potential provided sodium recovery was 

Fig. 8. Waveforms of the Ix and Ex transients with the Ex shift 

circuitry disabled (solid trace) and operative (dotted trace) 

complete. With the present analog, the intrinsic me- 

chanism responsible for spontaneous action potentials 

was again verified to be an interaction between sodium 

recovery-from-inactivation and potassium fall times; 

spontaneous activity was obtained by decreasing the 

former or increasing the latter. However, in this case, it 

was not possible to establish precisely the relative 

magnitudes of the two parameters at which pacemaker 

activity commenced. As before, factors such as a low 

resting gx, or too large a value for Ex, could inhibit 

spontaneous action potential generation, even with a 

favourable ratio between sodium recovery and pot- 

assium fall times. 

The match with the desired peak gy, and peak gx 

curves has been described (Fig. 3). No significance 

should be attached to the fact that the data points for 

the analog follow the peak g, curve for the silent cell R, 
rather than the bursting cell R,;, as once again it must 

be stressed that the derived gy, and gy curves are, at 

best, rough estimates of the conductance variations in 

Aplysia. The data points shown in Figure 3 were 

obtained by means of voltage clamp tests on the 

suprathreshold analog with the potassium accumu- 

lation circuit disabled. Photographs of the gy, and gx 

transients are shown in Figure 7. The decrease in the 

time constant of sodium inactivation, t,, with increas- 
ing membrane depolarization is evident upon exam- 

ination of the gy, transients of Figure 7. This decrease 
ceases when the value of peak gy, saturates, i.e., for 

depolarizations greater than 30mV from rest. No 

variation of potassium rise time with depolarization 
is present in the gy curves. 

The slow inactivation of g, 1s not very evident at the 
fast sweep speed of Figure 7. The phenomenon is better 

visualized in Figure 8, taken at a much slower sweep 

speed, where the potassium clamp current I, (as 

opposed to gx) is depicted, both with the E, shift 
circuitry working and disabled. In the latter condition 
the I, and g, transients are proportional to one 
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Fig. 9a—c. Variations in action potential waveform (AP), I, and I, of the suprathreshold analog when a Ex is reduced b g, is diminished and c ie 
is increased. In each case the arrows indicate the direction of change 

another, and the J, transient clearly demonstrates g, 

inactivation to a steady state value (g,ss). With the E, 

shift circuitry active, the same depolarization of 55mV 

is seen to reduce Ix appreciably due to an E, shift of 

38 mV. Now because of these ongoing E, shifts, the I, 

transient is no longer proportional to g,. It was found 

that the additional J, reduction in this case was greater 

than could be attributed to the diminution in Ex, i.e., a 

further reduction in gyss was present. This meant a 

second order effect of a changing E, value on the 

simulated potassium conductance, and was traced to 

the slight variation in FET conductance with changes in 

Vss, In spite of V, being held constant (Fig. 4). Another 
point is the shape of the E, shift transient (Fig. 8) which 

is not sigmoidal as obtained experimentally in cell R, ; 

by Eaton (1972). However Palti et al. (1974) have 

published theoretical curves of such Ey, shift transients 

that do have the more exponential shape obtained via 

the suprathreshold analog. This is not surprising since 

they employed the same basic scheme used here, viz., 

AE, ~\n , with the only modification being that 
t 

[ [dt 

0 
the effect of K* ions being removed from the extracel- 

lular space by diffusion and electric forces was also 

taken into account. Thus it appears that the underlying 

assumptions behind this formula may have to be 

modified to obtain Eaton’s S-shaped E, shift curves. 

Finally the effect of varying certain parameters on 

the action potential waveform was investigated (Fig. 9). 

Here the changes in the action potential waveform of a 

spontaneously active analog, in response to parameter 

changes, were photographed, along with the changes in 

Ix and Iy,. In (a) Ey is reduced, thus leading to a 

reduction in the action potential undershoot and a 

slight widening probably due to the reduced potassium 

current. In (b) the potassium  recovery-from- 

inactivation time was progressively increased. As the 

frequency of action potential generation remained 

unchanged this resulted in a progressively diminished 

available potassium conductance. Again widening of 

the action potential is noted. Widening very similar to 

that observed during a burst in R,; (Fig. Ic) is seen to 
occur when the sodium inactivation time is increased 

(Fig. 9c). This will be discussed further at a later stage. 

The Subthreshold Conductance Branches 

Accurate estimates of the Hodgkin-Huxley parameters 

of the subthreshold conductance branches are ham- 

pered by the lack of precise quantitative voltage clamp 

data. Very little is known either about the absolute 

values of gy, and gy or their variation with de- 

polarization. They are, however, one or two orders of 

magnitude smaller than the maximum values of the 

corresponding suprathreshold conductances. Gola 

(1974) states that in cell R, < neither gy, nor gy inactivate 

and gives approximate values for the time constants 

governing their kinetics. These are approximately Is 
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for the sodium rise and fall times, 3-4s for the 
potassium rise time and 10—20s for the potassium fall 

time. 

The lack of detailed information prompted con- 
sideration of a design technique that would permit of 

easy adjustment of both the slopes of the gy, and gx 

characteristics, as well as their limiting values upon 

depolarization. Hitherto the resistor in series with the 

FET was always selected to yield a predetermined 

limiting value of conductance. In this case it was chosen 

so as to result in a limiting value for the conductance 

much larger than anticipated. Conductance curves 

similar to those of Figure 4 were plotted. For gy, the 

curve saturated at lumho (R=1MQ), for gy at 

10 umho (R= 100 KQ). Next the output of the amplifier 

A,, placed before the wave-shaping network (Fig. 10), is 

set to limit (at the breakdown voltage of the Zener 

diode) for sufficiently large membrane depolarizations. 

The membrane depolarization at which its output limits 

is controlled by the potentiometer marked “limiter 

gain”. Thus the voltage applied to the FET gate (V,) 

also limits, its limiting value being controlled mainly by 

the potentiometer marked “g’ max”. This limiting value 

of V, sets the limiting values of gy, and gx, as the gate is 
never driven sufficiently towards zero so as to reach the 

saturation limits set by the series resistors. Generally 

the limiting values of g,, and g, were in the range 0.1 

—0.4umhos and |—6umbhos respectively and thus at 

least an order of magnitude less than the maximum 

values attained by the corresponding suprathreshold 

branches (Fig. 3). The “resting conductances” of gy, and 

gx, 1f such a term can be used for a continuously 

oscillating membrane, are set by clamping the analog to 

—S5O0mV and adjusting the potentiometer marked 

“FET bias”. They were usually set in the range 0.01 

—0O.1 umhos for both gy, and gy. While the initial slope 

of the gy, and g, against depolarization curves 

varies with the settings of both “limiter gain” and 
“g' max” potentiometers, the value of membrane de- 

polarization at which the curves saturate depends only 

on the former. Adjustments of these potentiometers 

were made empirically so as to result in bursts that 

resembled those seen in Aplysia. In general, oscillatory 

activity could be suppressed by increasing the slope of 

the gx characteristic or decreasing that of the gy, 

characteristic. The gy, rise and fall times are varied 
together by the potentiometer so marked. Although 

controlled by the same RC circuit the fall time is always 

less than the rise time owing to the non-linear FET- 

series resistor characteristic (Fig. 4). In the g, wave- 
shaping network however (Fig. 10 inset), independent 
control of rise and fall times is possible. 



Performance of the Complete Analog 

The technique of generating bursts basically involved 
Starting with a beating suprathreshold analog and 
adjusting the added subthreshold branches till the slow 
oscillations generated by the latter interacted with the 
spikes generated by the former to result in bursts 
resembling those seen in Aplysia cells. Under these 
conditions it was verified that the various subthreshold 
time constants and conductance values were within the 
ranges mentioned in the previous paragraph. The 
resultant bursts may be seen in Figure lla. The 
frequency modulation of action potentials within a 
burst, as well as the variation in their undershoots, are 
similar to those seen in Aplysia. However the pro- 

gressive evolution of the action potential waveform 
during a burst (Fig. 12) differed from that seen in the 

living preparation. The major difference was that the 
“bump” on the downward slope had a tendency to 

smoothen out as the simulated burst progressed, whe- 
reas it becomes more pronounced in the real bursting 
cell (Fig. 1c). This smoothening was due to a progressive 
decrease in the time for sodium inactivation caused by 

an increasing level of inactivation on account of the 

depolarizing effect of the slow oscillations. While this 

effect may well be present in Aplysia cells, it is obviously 
overshadowed by an increase in the sodium in- 

activation time due to an increase in t,. This parameter 
has been singled out because appreciable g, in- 

activation, leading to a diminished and delayed pot- 

assium current J,, while widening the action potential 
(Fig. 9b), does not accentuate the bump. It needs an 

accelerated J, or a prolongation of Iy, to do this and 
the former would result in reduced magnitude as well as 

narrower action potentials. Thus the conclusion seems 

to bea prolongation of Iy, due to a progressive increase 
in the inactivation time constant. One hypothesis for 
the biological mechanism of this proposed increase is 

given in the discussion. 

By opening the switch “g,, block” (Fig. 5), TTX 

block of the transient increase in gy, can be simulated. 
When this is done the underlying slow oscillations are 

exposed (Fig. 11b). The increase of impedance leading 

up to the more rapid depolarizing phase of these 

oscillations is demonstrated by injecting constant- 

current pulses into the simulated Aplysia membrane 

‘and noting the transients in membrane potential. A 

similar impedance increase was noted during the slow 

depolarizing phase of the oscillations uncovered in the 

TTX-treated cell (Mathieu, 1972). It was also observed 

in real Aplysia cells that the amplitude and period of 

these subthreshold oscillations increased with hyper- 

polarizing current injection, and decreased with de- 

polarizing current (Mathieu and Roberge, 197A). 

However, in our case it was not possible to vary the 

Fig. 11a—e. a Bursts generated by the complete analog. b The 

underlying slow oscillations, uncovered by blocking the increase in 

Jn, ON Opening switch “g,, block” (Fig. 5). Test pulses show the 

relative increase in resistance during a cycle. e “Abnormal” bursts 

generated due to shifts in the potassium equilibrium potential of the 

gx branch (see text). Calibration marks apply for all traces 

Fig. 12. Changes in action potential waveform during a burst 

generated by the analog. Arrows indicate changes from the start of 

the burst. The changes indicated by a are due to E, shifts and residual 

gx inactivation, by b due to a decrease in the time for sodium 

inactivation and by ¢ solely due to E, shifts 

simulated membrane potential appreciably in this way, 

without either silencing the analog in the former case or 
generating anomalous waveforms in the latter. This 

could be rectified somewhat by readjusting the sub- 

threshold branches for larger amplitude slow oscil- 

lations, but the inevitable result was abnormal bursts 

when gq, activation was reintroduced. Thus a degree of 
mismatch between supra and subthreshold channels is 

present in the analog. 
Figure 13a, b respectively show the sodium and 

potassium currents flowing in the subthreshold bran- 

ches alone, upon application of depolarizing steps of 

{5mV and 20 mV from a holding potential of— 50mV. 

Note the different time and amplitude scales for parts 

(a) and (b). The sodium current actually decreases 

between 15mV and 20 mV owing to gy, having already 

reached its limiting value. 
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Fig. 14a—c. A fixed value of Ey = —75 mV for the gy, branch yields a 

small amplitude slow oscillations and consequently b sparse bursts. 

When the potassium equilibrium potential of the g, circuit is replaced 

by the varying Ey of the g, branch, the bursts shown in ¢ are obtained 

(see text). Calibration marks are valid for all traces 

It was also found that to get “rich” bursts (six or 

more action potentials per burst) it was necessary to 

start with a beating suprathreshold analog—i.e., with 

an appropriate relationship between sodium recovery 

and potassium fall times. As long as this condition was 

satisfied reasonable-sized bursts could be generated, 
even if initial spiking of the suprathreshold analog was 

inhibited by a low resting sodium conductance. On the 

other hand, starting with an intrinsically silent supra- 

threshold analog resulted in rather sparse bursts. These 
observations must be interpreted rather cautiously, as it 

could simply be another manifestation of the mismatch 

between supra and subthreshold channels mentioned 
above. 

One final experiment must be mentioned. This 

consisted of replacing the normally constant potassium 

equilibrium potential of the gx branch with the varying 

Ex of the gy branch, ie., subjecting the subthreshold 

oscillations to the effect of potassium accumulation and 

concomitant E, shifts that result from action potential 

activity. The effect was dramatic. The regular bursts of 

Figure lla became immediately abnormal (Fig. IIc) 

due to a greatly accentuated underlying oscillation, the 

latter an obvious result of a diminishing E, during the 

depolarizing phase. On the other hand, with a constant 

E, of—75mV for the gx branch, circuit parameters 

may be reset so as to obtain subthreshold oscillations of 

small amplitude (Fig. 14a) and consequently sparse 

bursts (Fig. 14b); in this case, replacing the constant gx 

branch potassium equilibrium potential by the varying 

E, of the gx, branch can actually result in more normal 

bursts (Fig. 14c). Thus potassium accumulation per se, 

while not actually responsible for bursting activity, can 

under certain conditions effectively enhance it and 

promote its appearance. This observation is further 

strengthened by the hitherto “coincidental” fact that 

accumulation effects are noted in the bursting cell R, 

but not in the silent cell R, (Alving, 1969; Eaton, 1972). 

Discussion 

The analog successfully demonstrates that bursts si- 

milar to those seen in Aplysia cells can be realized by 

means of aslow membrane potential oscillation trigger- 

ing action potentials during its depolarizing phase. The 

frequency variation within a burst is a natural con- 

sequence of the mechanism of burst generation and 

follows the depolarizing and hyperpolarizing phases of 

the slow oscillation. The variation in action potential 

undershoots can be explained by potassium accumu- 
lation outside the cell membrane and consequent Ex 
shifts. Thus far the analog corroborates previously 

known, or suspected, characteristics of Aplysia bursting 
cells. 

However on the basis of the observed performance 

of the analog, some new hypotheses may be put 

forward. First it is likely that the bursting cell is an 

intrinsic pacemaker, i.e., without the underlying slow 

oscillations, the cell would exhibit beating activity, at 

least within some range of membrane potential. Second, 
potassium accumulation outside the cell membrane, 
because of the accompanying E, shifts, can enhance 
bursting activity. In this regard mention must be made 
of experimental evidence that an increase in Kt 
concentration in the extracellular spaces of the cat’s 
brain can precipitate seizures in already existing epi- 
leptogenic foci (Glaser, 1972). As is well known these 
epileptic seizures are often associated with bursting 
neuronal discharges. Finally, the widening of the action 
potentials during a burst is not so much due to a 



cumulative inactivation of gy as to a progressive 
increase in the sodium inactivation time constant, ie 

One way this increase in inactivation time may 
occur invokes the observation that calcium ions enter 
the cell R,; during an action potential (Stinnakre and 
Tauc, 1973). Furthermore during a burst as each 
successive spike widens, so does the amount of calcium 
ions entering per spike. The increased entry of calcium 
ions is a consequence of the widening rather than the 
other way around. If it were not so, in high external 
Ca** solutions, one would expect a larger calcium ion 
influx and greater widening. In fact the reverse is seen in 

Helix pomatia (Meves, 1968), in single nodes of Ranvier 
(Ulbricht, 1964) and in Aplysia (unpublished obser- 

vations by us), the action potentials becoming larger 
and narrower in high external Ca** solutions and 
smaller and wider in low Ca*”~ ones. Progressive 
widening during a burst in Aplysia could therefore be 

due to a lowered local external Ca* * concentration asa 
result of the entry of calcium ions during a spike. 
Exactly how lowered external Ca* * widens an action 
potential is a matter of speculation. Meves (1968) 
explains the reduction of the overshoot and the drop in 
the maximum rate of rise of the action potential on the 
basis of theoretical permeability equations, assuming 
that a finite calclum permeability contributes to the 

action potential. We would like to suppose that, in 
addition, low external Ca~ ~ also increases the sodium 
time constants, particularly the inactivation time con- 

stant t,. There is some evidence in single nodes of 
Ranvier, that the rate of recovery from inactivation at 

least, is slowed in low external Ca*™* solutions 

(Ulbricht, 1964). This might well reflect an increase in t,, 

also. 
We have downplayed the cumulative inactivation of 

gx as the cause of action potential widening during a 

burst, in favour of a projected increase in the in- 

activation time constant t,, primarily because in the 

model, the former did not lead to an accentuation of the 

bump on the downward phase. Additional supporting 

evidence is provided by Adelman et al. (1965) who 

measured an increase in t, associated with long du- 

ration action potentials obtained from squid axon 

internally perfused with low K* ion-containing so- 

lution. Our hypothesis, to some extent, contradicts 

experiments done in various preparations of the effect 

of the tetraethylammonium ion (TEA) on the action 

potential waveform. TEA selectively reduces the in- 

crease in g, upon depolarization without affecting the 

increase in gy,, and results in large-plateau action 

potentials of the cardiac type (Armstrong and Binstock, 

1965), ie, it can be said to accentuate the bump. 

However it does not seem to alter either the sodium or 

the potassium kinetics (Hille, 1967). Thus the widening 

under TEA does seem to argue in favour of a pro- 
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gressively reduced g, as the mechanism behind action 
potential widening during a burst and our hypothesis of 
an increased t, should only be considered as an 
alternative till more concrete evidence is obtained. 

It may be appropriate here to outline another 
hypothesis for action potential widening based on the 
assumption that the action potential recorded from the 
soma contains a contribution due to the axon spike. 

Evidence favouring this assumption comes from 

Alving’s (1968) experiments on Aplysia pacemaker 

neurons where the soma spike amplitude diminished 

when it was isolated from the axon by ligation. 
Furthermore she mentions that the soma action poten- 

tial shows “delayed repolarization in the falling phase”, 

i.e., widening, when followed by the axon spike, which is 
the case for Aplysia pacemaker cells where the spike 

trigger zone is located in the soma. Thus progressive 

action potential widening during a burst may bea result 
of an increasing latency between soma and axon action 

potentials, instead of a change in soma membrane 

properties. This hypothesis could be tested in cell R, 

either by recording simultaneously from the soma and 

axon, or by noting the change in soma action potential 

widening following ligation of the axon. 

Finally a word is in order about the mismatch 
between supra and subthreshold branches that has been 

mentioned. This has been termed mismatch because if 

the subthreshold branches were adjusted for large 

amplitude slow oscillations, the bursts generated did 

not resemble those seen in R,;. However many varied 
types of bursting activity are present in biological cells 

(Watanabe et al., 1967; Matsumoto et al., 1969) and the 

bursts generated by the analog under the pronounced 

slow oscillation conditions did resemble some of these. 

Accordingly the mismatch between supra and sub- 

threshold channels, often leading to “abnormal” or 

non-R,; like bursts, may simply reflect an improper 

choice of one or two analog parameters rather than a 

serious conceptual error in the simulation technique. If 

so, an analog of this type could prove of considerable 

value in studying bursting activity in other biological 

preparations besides Aplysia. 
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